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Abstract

Excellent fits of the tunneling density of states in disordered superconductors can be
often achieved making use of the phenomenological Dynes formula. Here we show that
precisely such formula can be derived within the coherent potential approximation in

the superconducting state by considering Lorentzian distribution of pair-breaking fields.

Next we formulate Green function of the Dynes superconductor, describing one-particle
properties of superconductor in which we consider not just the Lorentzian distribution

of pair-breaking fields, but also arbitrary distribution of pair-conserving fields.

In this thesis we analyze not only the analytic properties of the Dynes superconductor,
but we also make several experimental predictions. We study and predict temperature
evolution of the order parameter (also in mag. field), spectral functions, optical

conductivity and we also analyze the penetration depth.
Keywords: Dynes superconductor, tunneling density of states, pair-breaking

and pair-conserving scattering processes, spectral functions, optical conduc-
tivity
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Abstrakt

Je experimentalne potvrdené, ze spektrda pre hustoty tunelovych stavov merané na
supravodi¢och obsahujicich necistoty sa casto daji s vybornou presnostou fitovat
fenomenologickou Dynesovou formulou. V praci ukazujeme, ako sa da tato formula
odvodit riesenim rovnic v priblizeni CPA v supravodivom stave pre pripad, ked spektrum

rozptylového potencialu pre necistoty narisajice pary uvazujeme v tvare lorentzidnu.

Nasledne skonstruujeme Greenovu funkciu pre Dynesov supravodic. Prostrednictvom nej

ziskavame popis jednocasticovych vlastnosti supravodica, v ktorom okrem lorentzovského
L, .. e , .. D . .

potencialu pre necistoty narisajice pary, uvazujeme taktiez lubovolné rozdelenie pre

potencial popisujuci rozptyly na necistotach, ktoré pary naopak zachovavaju.

Okrem studia analytickych vlastnosti teérie Dynesovych supravodi¢ov venujeme taktiez
nemalu ¢ast experimentalnym predpovediam. Predpovedame teplotni zavislost parame-
tra usporiadania (v istom pribliZzeni aj v mag. poli), spektralne vlastnosti, opticki

vodivost a taktiez analyzujeme hibku vniku.
KlItcové slova: Dynesov supravodic, tunelova hustota stavov, rozptylové pro-

cesy, ktoré zachovavaji resp. narusaju Cooperové pary, spektralne funkcie,

optickd vodivost
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Uvod

BCS a cisté supravodice

Vdaka vyraznému experimentalnemu pokroku pri dosahovani ultranizkych teplot bol
Heike Kamerlingh Onnes schopny pri teplote 4.19K v roku 1911 pozorovat vymiznutie
odporu ortuti. Nasledujice experimenty ukazali, Ze pri velmi nizkych teplotach vznika
aj v inych kovoch nova-supravodiva faza, pri ktorej dochadza k bezdisipativnemu

transportu naboja.

Teoria, ktora bold schopna podat vysvetlenie mikroskopického mechanizmu supravo-
divosti bola sformulovana az o 46 rokov neskor fyzikmi Johnom Bardeenom, Leonom
Cooperom a Johnom Robertom Schriefferom. Na pocest jej zakladatelov nesie nazov
teoria BCS a supravodivost popisuje ako kondenzat bozénov, tvoreny dvojicami elek-
trénov viazanych prostrednictvom pritazlivej interakcie sprostredkovanej fonénmi do

tzv. Cooperovijch pdrov.

Osobit tlohu v tedrii BCS zohrava tzv. funkcia energetickej medzery A. Teplotna
zéavislost A(T') je popisand spojitou, monoténne klesajicou funkciou, ktord pri nulovej
teplote nadobuda hodnotu A(0) a pri kritickej teplote plati: A(T.) = 0. Vdaka tejto
vlastnosti zohrava A(T) dlohu parametra usporiadania v supravodivom stave. V ramci
teérie BCS pre konvenc¢né supravodice, kde je A nezavisla od frekvencie, existuje
materialovo nezavisly stvis medzi energetickymi Skalami parametra usporiadania a
kritickej teploty!:
A(0) ~ 1.76T,.

Tento vysledok je pre nizkoteplotné supravodice rozneho chemického zlozZenia vo vybornej

zhode s experimentami.

!Upozoriiujeme &itatela, Ze v celej praci budeme uvazovat stistavu jednotiek, v ktorej h = kg = 1.
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Obr. 1: Hustota tunelovych stavov pre konvenéné BCS supravodi¢e (normovana na nor-
malny stav).

Parameter A je zaujimavy aj z pohladu tunelovej spektroskopie, ktorou sa da merat
tunelovacia hustota stavov. Teéria BCS, v ktorej je A = konst., predpoveda hustotu

stavov N (w) v tvare:

N(w) = Ny Re {\/%} : (1)

kde Ny je hustota energie na Fermiho ploche v norméalnom stave.

Tvar funkcie zodpovedajuci (1) je zndzorneny na obr. 1, kde frekvencia w = 0 zod-
poveda hodnote Fermiho energie. Predpoved BCS teérie spociva v dvoch zakladnych
¢rtach. Prvou je nulovd hodnota hustoty stavov na intervale w € (—A, A) a druhou si
singularity v pripadoch w = {—A, A}. Hustota tunelovych stavov merand na mnozstve

nizkoteplotnych supravodivych vzorkach ukazuje stihlas experimentu s BCS tedriou.

Supravodice s necistotami

Zatialco v predchadzajicej podkapitole sme v kratkosti predstavili azda dva najdolezite-
jsie vysledky pre Cisté supravodice popisané v ramci BCS tedrie, v tejto sa zameriame
na také, v ktorych su pritomné aj rozptylové procesy na necistotach. Hlavnym cielom
tejto podkapitoly je predstavit skiimany problém, ktory v dizertacnej praci riesime,
v skratke zaviest klucové pojmy a ukazaf stupen porozumenia, ktory sme mali pred

zaciatkom néasho studia a vyskumu.

Pri nasich avahéach sa stustredime na oblast velmi nizkych teplot, pri ktorych mézeme

rozptylové procesy na necistotach chapat ako elastické.

Da sa ukazat, ze v takomto pripade mozno rozptylové procesy z pohladu narusania
symetrie voCi inverzii ¢asu rozdelit na procesy narisajice pary (NP rozptyly) a procesy

zachovavagice pary (ZP rozptyly), pricom postacujica podmienka pre identifikovanie



NP rozptylov sa da formulovat nasledovne: Ak zodpovedajici ¢len narisa symetriu
otocenia znamienka casu v Hamiltonidne, jedna sa o NP rozptyl. Samozrejme, kedze mé
tato podmienka postacujuci charakter, nevylucuje existenciu NP rozptylovych procesov,
ktoré symetriu otocenia znamienka c¢asu v Hamiltonidane zachovavaji. Takyto priklad

analyzujeme v Dodatku E.

Dvojaké spravanie voci symetrii inverzie ¢asu sa u supravodicov s necistotami nasledne
prejavi aj v rozdielnych sposoboch, akym tieto procesy ovplyvnuju ich supravodivé
vlastnosti. Toto spravanie sa da zhrnut vo formulacii Andersonovho teorému ktory tvrdi,
ze ZP rozptyly neovplyvnia ani funkciv A, a ani kritickd teplotu® T, [1]. Dosledok tohto
teéremu je taky, ze experimentalne predpovede, ktoré sme predstavili v predchadzajicej

kapitole, zostanti nezmenené aj v pripade, ked v supravodici prebiehaji len ZP rozptyly.

V Dodatku A (venovanom Nambu-Gorkovovému formalizmu) ukazujeme, ze v ramci

Eliasbergovej tedrie je hustota stavov pre vSeobecny supravodi¢ (teda aj s neéistotami),

zavisla len od frekvencne zéavislej funkcie energetickej medzery A(w) vo forme?:

w

Vw? — A?(w)

N(w) = NoRe . (2)

Kedze hustota stavov neciti vplyv ZP rozptylov, da sa na nu pozerat aj ako na jednoduchy
a priamociary nastroj, ktorym mozeme skiimat len NP rozptyly ako z pohladu teodrie,

tak aj experimentu.

Z teoretického hladiska treba spomenut tzv. T-maticovi aproximéciu [2], ktord pre
nizke koncentracie necistot vedicich k NP rozptylom predpoveda nenulovi hodnotu
hustoty stavov vnutri padsma zakdzanych stavov v N(w) pre BCS supravodié, tak ako je

zobrazené na obr. 2.

Pre kompletnu analyzu zavislosti velkosti a polohy pasma dovolenych stavov sposobenych
vplyvom NP rozptylov v hustote stavov odkazeme citatela na povodny ¢lanok [2].
Spomenme len, ze hoci sme zviacSovanim koncentracie necistot v ramci T-maticovej
aproximacie schopni vytvorit pasmo dovolenych stavov vnutri energetickej medzery v
hustote stavov, nie sme schopni vysvetlit vyplnenie celej medzery, tak ako by to ziadali

niektoré experimenty [3, 4, 5].

2Predpokladajic Ze rozptylové procesy nie st dostatoéne silné na to, aby viedli k Andersonovej
lokalizacii.
3V tejto forme uvazujeme ten koreii odmocniny, ktory mé kladnt imagindrnu éast.
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Obr. 2: Normalizovana hustota stavov supravodica s nizkou koncentraciou necist6t vedi-
cich k NP rozptylom v ramci T-maticovej aproximacie.

V pripade spominanych experimentov sa pritomnost NP rozptylov prejavuje preuspo-
riadanim stavov prostrednictvom rozmazania singularit a sicasnym vypliianim celej
energetickej medzery v hustote stavov. Tento efekt mozeme nasledne pozorovat aj v

tunelovej vodivosti (ktord pre 7' = 0 zodpoveda priamo N(w)) zndzornenej na obr. 3.

Fity, ktoré si zndzornené na obr. 3 su zalozené na pdvodne fenomenologickej, tzv.
Dynesovej formule pre tunelovi hustotu stavov [6], ktord sa dé zapisat vzorcom (2),

uvazujic energeticki zavislost pre A(w) v tvare:

(3)

° Exp.
3.0r—Fit

0.0 L ALY, X006 L
-3 -2 -1 0 1 2 3

Voltage (mV)

Obr. 3: Normalizované tunelové vodivosti vzoriek MoC supravodica s réznou hribkou
pri teplote T =~ 500mK [3].

Kvoli tomu, aby sme zdéraznili rozdiel medzi A(w) uvazovanou v pripade BCS supravodica
a supravodica, ktorého hustota stavov sa da popisat Dynesovou formulou, zavadzame

novy symbol A. Upozornime, Ze hoci je novozavedeny parameter I schopny opisat

4



vypliianie energetickej medzery v tunelovej hustote stavov (zrejme prostrednictvom

vplyvu NP rozptylov), jeho mikroskopicky charakter bol v rdmci predstavenej fenomenol6-

gie v skuto¢nosti neznamy. Jednym z cielov tejto prace je odvodit Dynesovu formulu
prostrednictvom riesenia CPA rovnic, ktoré ako verime, jej mikroskopicky charakter

znacne poodhaluje.

Navyse, treba si uvedomit, ze vdaka platnosti Andersonovho teorému tvori akakolvek,
¢i uz fenomenologickd, alebo odvodena znalost A(w) stéle len polovicu informécie o
rozptylovych procesoch v supravodi¢och. Pre tiplnu informéaciu potrebujeme popisat
taktiez vplyv ZP rozptylov. Téato praca si kladie za ciel posunit chapanie vplyvu oboch

typov spominanych rozptylovych procesov na supravodivé vlastnosti.

Prejdime teraz k modelovej predstave generickej supravodivej vzorky obsahujucej
necistoty, ktori sme sa rozhodli v predkladanej praci skiimat. Takuto predstavu v
podstate zachytava obr. 4, kde dva typy nahodne rozmiestnenych rozptylovych necistot

znazornujeme roznymi farbami. Modrou farbou st znazornené ZP necistoty,

S ° el o
SATIAL B4 Sk Kl a

Obr. 4: Ilustracny obrazok Dynesovho supravodica. NP necistoty st znazornené Cerve-
nou farbou, zatial ¢o ZP necistoty st modré.

DT: .:;.‘. ‘.o; o “e

kym cervena farba zodpoveda podstatne redsim NP necistotam. Pre jednoduchost
uvazujeme fixovany priemet spinu magnetickych necistot len v smere osi z. Meniaca
sa pravdepodobnost rozptylu na NP necistote je znazornena meniacou sa velkostou
necistoty. V podstate si taku isttu vlastnost mdzeme predstavit aj v pripade ZP necistot,
avsak pre ZP rozptylové procesy uvazujeme podstatne SirSie a rovnomernejsie rozdelenie
(Co sa tyka pravdepodobnosti rozptylu elektrénu na nej) a preto ich rozptylové centra

znazornujeme jednou velkostou.

Experimentalne sa zda byt predkladana tedéria Dynesovych supravodicov najlepsie
aplikovatelnd u vzoriek tenkych, znecistenych supravodivych vrstiev [3, 7]. Dévodom
pre jej pouzitelnost prave v tejto oblasti méze byt pritomnost magnetickych, t.j. NP
primesii na rozhrani vzorky a substratu, ktoré sa mozu vyskytnut aj v inak velmi cistych

supravodivych filmoch [8, 9].



Osnova prace

Predkladana dizertacna praca pozostava zo styroch casti a dodatkov. V prvej casti
sa pozrieme na spominané riesenie CPA rovnic. Uvazenim lorentzovského rozdelenia
pre NP necistoty a Tubovolného rozdelenia pre necistoty zodpovedajice ZP rozptylom
najdeme Greenovu funkciu pre Dynesov supravodic, ktora podava kompletny popis
jednocasticovych vlastnosti elektrénu v "Spinavom" supravodici. Stcastou prvej casti
je diskusia limitného pripadu na T-maticovi aproximaciu, ako aj predpovede pre
termodynamické vlastnosti Dynesovho supravodica ako s vypnutym, tak aj so zapnutym

magnetickym polom.

V druhej ¢asti prace sa sustredime na stidium spektralnych funkcii Dynesovho supravodica.
Sucastou tejto casti bude porovnanie s inym modelom [10], ktory sa v pripade d-vlnovych
vysokoteplotnych supravodicov taktiez pokusa zahrnit oba typy necistot. V neposled-
nom rade sa taktiez pozrieme na analytické a limitné vlastnosti Greenovej funkcie pre

Dymnesov supravodic.

V tretej casti predstavujeme studium dvojcasticovych vlastnosti pre Dynesov supravodic
v podobe vypoctu optickej vodivosti. Po analyze vplyvu NP rozptylov na redlnu cast
vodivosti, najma pre pripad w < 2A kde je tento efekt najdélezitejsi, preskiimame pri
nulovej teplote analyticky aj vplyv rozptylovych procesov na koncentraciu supravodivych
Castic (ktoréd stvisi s hibkou vniku ako n, oc A=2). Rovnako zaujimavé méze byt pre

Citatela aj analyza koheren¢ného piku v oblasti velmi nizkych frekvencif w < A.

V zéavere zrekapitulujeme naSe najdodlezitejSie vysledky, ale taktiez sa pozrieme na
otvorené otazky, ktoré mozu byt podnetom pre dalsie stadium v oblasti Dynesovych

supravodicov.
Sucast préace tvori aj 6 dodatkov. Do nich presunieme material trojakého charakteru:

e Najpodstatnejsi teoreticky zéklad ktory pri nasich dvahach vyuzivame (Nambu-

Gorkovov formalizmus, tedria linedrnej odozvy, sumac¢né pravidld).

e Doplnujici materidl (odvodenie hustoty tunelovych stavov pre vseobecny eli-
asbergovsky supravodic¢ v ramci Nambu-Gorkovovho formalizmu, efekt roznych
rozdeleni pre NP necistoty na tunelovi hustotu stavov, rieSenie CPA pre "roz-

mazanu" funkciu energetickej medzery).

e Technické detaily vypoctov, ktoré pre pochopenie hlavnych myslienok v prvom

kole nevyhnutne nepotrebujeme (Vypocet optickej funkcie odozvy).



Dynesova formula pre tunelovi

hustotu stavov

Od T-matice k CPA

Predtym, ako sa pustime do samotného vysvetlovania nédsho prvého ¢lanku [H1|, nahli-
adnime motivaciu pre prechod od tradi¢ného pohladu na supravodice obsahujice NP

necistoty v ramci T-maticového priblizenia [2] k formalizmu CPA*.

Zacnime obr. 5, ktory ilustruje rozdiel medzi situdciami v ktorych moézeme vplyv
rozptylovych procesov zahrnut v ramci T-maticovej aproximacie, resp. musime vyuzit
priblizenie CPA. Kym pri T-matici uvazujeme, ze stredna vzdialenost rozptylovych
necistot je vicsia ako supravodiva koherencéna dizka &, pri priblizeni CPA uvazujeme
presne opacny pripad. Takto prekryvajtce sa oblasti v ktorych elektron podlieha vplyvu
rozptylovych procesov na necistotach vytvaraju spojity potencial, s ktorym potom v
ramci CPA pracujeme. Naopak, riedky plyn rozptylovych centier zodpoveda jednotlivym
rozptylom elektrénu na necistotach s dobre definovanou vézbovou konstatnou, ktora je

dobre zachytena uz v ramci T-matice.

[ J
CPA ° °
T Matrix \g\ ° \ °
° °
[ J

Obr. 5: Ilustraény obrazok zobrazujaci ré6zny vplyv rozptylovych procesov v ramci T-
matice a priblizenia CPA.

47 angl. Coherent Potential Approximation.



Ststredme sa teda najskor na vysledok pre hustotu stavov v rdmci T-maticovej aprox. pre
rozne hodnoty vazbovej konstanty Vy, zodpovedajice nahodnému potencidlu pre rozptyl
elektronu na jednej NP necistote. Nech koncentracia necistot je . Pre jednoduchost

zavedme parametre:

1— (7TN0%)2
1 + (7TN0VE))2

2 TNy V§
o= =
’ Al + (WN()‘/Q)2

v=|

Na obr. 6 prezentujeme hustoty stavov pre rozne hodnoty v a fixovani hodnotu a.
Mozeme si vsimntt, ze energie viazanych stavov st dané hodnotou +vA, zatial ¢o a

ma vplyv na sirku zakazaného pasu.

Obr. 6: Normalizované hustoty stavov supravodic¢a s nizkymi koncentriaciami NP
rozptylovych neéistét x < 1 v rdmci T-maticovej aproximacie pre r6zne hodnoty parame-
tra v a fixovani hodnotu « = 0.05 [11].

Ako vidime na obr. 6, vdaka tomu, ze T-matica pracuje s rozptylom elektrénu len na
jednej necistote s definovanou viazbovou konstantou Vj a teda aj «, nie sme v ramci

tohto popisu schopni popisat vyplnenie celej energetickej medzery.

Ako je viak taktiez vidiet na obr. 6, efekt zapliiania celej energetickej medzery v
hustote stavov by mohol byt popisatelny v ramci formalizmu, ktory dokaze zahrnuf
efekt viacnasobného rozptylu elektronu na necistotach s roznymi hodnotami ndhodného

potencialu.

V experimentoch, ktoré sa snazime vysvetlit sa navyse ukazuje, ze parameter uspori-
adania A je priestorovo homogénny. To vSak v kombin4cii s meniacou sa interakénou
konstantou naznacuje, ze sa treba sustredit na hladanie popisu v ramci rezimu vysokej
koncentracie NP rozptylovych necistot, pretoze rozptyly pri nizkej koncentracii by
spolo¢ne s meniacou sa hodnotou nahodného potencialu viedli k priestorovo nehomogen-

nému rozloZeniu A.



CPA

Ukazuje sa, ze vhodny jazyk na popis jednocasticovych vlastnosti pod vplyvom
roztylovych procesov v necistych systémoch s vysokou koncentraciou sa da najst v
ramci priblizenia CPA® [12, 13, 14]. Hlavnt tlohu v rdmci tohto pribliZenia zohrava
predstava efektivneho média, ktoré je popisané v ramci Nambu-Gorkovho formalizmu
Greenovou funkciou®:
=Gy - L

kde G5l(k, w,) = iwyn Ty — ex73 zodpoveda Greenovej funkcii v Gistom systéme a 3, =
—il, 10 + @71 + xnT3 0znacuje lokdlnu (t.j. od vinového vektora nezévisli), translac¢ne
invariantnu self-energiu generovanu necistotami a parujicimi interakciami. Oba ¢leny
vyjadrujeme na imaginarnej osi v jazyku matsubarovskych premennych, ¢islovanych
indexom n a symboly 7; zodpovedaji Pauliho maticiam”.
Nasledne, v ramci CPA hladame jednotlivé zlozky self-energie tak, aby sme pomocou
nej ¢o najlepsie popisali rozptylové procesy na nahodne rozmiestnenych necistotach.
Ukéze sa, ze v jej pritomnosti elektron interaguje so zmensenym zbytkovym potencidlom
V — 3. Samotnu self-energiu volime takym spésobom, aby ¢o najlepsie popisovala
rozptyly na nahodnom potenciali. Optimalny vyber sa dosiahne tak, ze ziadame, aby
diagonalna zlozka T-matice popisujicej rozptyl na zbytkovom potenciali bola v priemere
(stredovana cez rozptyl) nulova, teda (T) = 0. S odvolanim sa na dodatky k nasmu
¢lanku [H1], uvddzame vysledni rovnicu, ktort treba v rdamci vSeobecného formalizmu
CPA riesit: X

(T) = <(V—i) [1—@00(\7—2)} >:o, (4)

kde Gjpe = (G’ M )i oznacuje diagondlnu cast (v priestorovych siradniciach) Greenovej

funkcie efektivneho média a ( ) oznacuje stredovanie cez rozptylovy potencial.

KedZe® v naom pripade budeme s CPA formalizmom pracovat v supravodivom stave,
rozptylovy potencial:
‘A/:ZTl—i‘VTg—i‘UTQ, (5)

obsahuje nie len polia popisujice interakcie so ZP rozptylovymi (U) a NP rozptylovymi®

®Formalizmu CPA venujeme podrobnejsiu pozornost v dodatkoch ku ¢lanku [H1].

6V dodatku B je v rdmci teérie linedrnej odozvy zavedens Greenova funkcia prostrednictvom
Kubovej formuly ako funkcia odozvy uvazovanej fyzikalnej veli¢iny na slabti poruchu.

"Viac o Nambu-Gorkovovom formalizme sa d4 doéitat v dodatku A.

8V tejto a nasledujticej podkapitole si dovolime okrem vysledkov uviest aj par detailov (v minimalnom
mnozstve), ktoré by zvedavému Citatelovi pri troske trpezlivosti mali stacit na reprodukovanie nasich
najdolezitejsich vysledkov. Nasim cielom je tak citatelovi poskytnit nie len "vénu navareného jedla',
ale taktiez "autenticky pohlad do kuchyne". Citatel, ktory ide vyhradne po vysledkoch, méze spokojne
prejst k vysledkom pre funkciu energetickej medzery A(w) a renormalizdcie vlnovej funkcie Z(w) vo
forme (13).

9V skutoc¢nosti by sme pre spravne zahrnutie NP rozptylov mali zaviest primesné magnetky a vizbu



(V) necistotami, ale taktiez BCS parovanie zahrnuté v A. Dodajme taktiez, Ze ndhodné
polia U a V maju v nasich ivahéch charakter bieleho Ssumu (ich hodnoty v roéznych
bodoch mriezky s nekorelované) a si popisané spojitymi, navzajom nezavislymi rozde-

leniami P;(U) a P,,(V).

Ststredme sa priamo na nami odvodent, vyslednii, komplexni rovnicu CPA formalizmu
v supravodivom stave. Za predpokladu pritomnosti oboch typov rozptylovych procesov
pre redlne nezname I'), a ®,,, zavedené v definicii self-energie (v priebehu zjednodusovania

rovnic sa da nahliadnut ze y,, = 0) ziskavame:

< Zn + 0, — A, > . (6)
(20 + 0 — Ap) (2 + 60 + Ayy) + p1? u,/\_ a

Upozornime, ze v rovnici (6) sme zaviedli bezrozmerné ndhodné potencidly p = mNyU,

A = mNyV a namiesto ®,, a I',, sme zaviedli pomocné premenné:

D, + i(w, + 1)
Viwn +T0)” + @
Yo =7NTh, Ay =A+iv,, 6, =7N(A— D). (7)

Zn:-z'n—i_iyn:

Pripomenme, ze ( ), zna¢i stredovanie cez parne, v nasom pripade priestorovo
nekorelované funkcie Ps(U) a P,,(V'), zodpovedajice spojitym rozdeleniam rozptylovych

potencialov pre NP (alebo aj magnetické) a ZP (alebo aj skaldrne) necistoty.

Hoci je komplexna rovnica vo forme (6) spolocne s (7) pripravend pre numerické
self-konzistenté riesenie, v tejto praci sa budeme zaoberaf jej analytickym riesenim
pre normalnu a anomalnu self-energiu: I',, a ®,,. Alternativne budeme pouzivaf aj

prirodzenejsie premenné energetickej medzery A,, a renormalizacie vlnovej funkcie Z,,:

Ay =,/ 70, Zn =14 Ty /wn. (8)

Dynesov supravodic

V tejto Casti sa pozrieme priamo na najddlezitejsi vysledok z ¢lanku [H1], ktory sa tyka
riesenia CPA rovnic zo vztahu (6) v pripade, ak pre spojité rozdelenie neéistdt, vedicich

k NP rozptylom budeme uvazovat!’:

1 T

PnlV) = 2y

(9)

na ne. V nasom priblizeni si vSak vystacime s priestorovo zavislym magnetickym polom, polarizovanym
len v jednom smere.

10 Analyzu numerického rieenia CPA rovnic v pripade, ked uvazujeme iné typy rozdeleni uviddzame
v dodatku D.
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podobne ako v Lloydovom modeli [15]. Volba P,(U) moze byt pritom tuplne Iubovolna.
Kedze tlohou tohto dokumentu ma byt hlavne prezentacia nasich hlavnych vysledkov
a ich zaradenie do $irsieho kontextu v studiu $pinavych supravodic¢ov, ohladom (mélo
podstatnych) technikalit sa odvolame na ¢lanky, alebo na dodatky k dizertacnej préci.
Sustredme sa teraz len na Lloydov model pre magnetické necistoty a preintegrujme v
CPA rovnici (6) cez A, dostaneme:

Cn B
<u? + |§n|2>u s (10)

kde sme zaviedli premenné: (, = x,, + 6, + (Y + Ao — Yn) @ Ag = TNp[". Pripomenme,
ze podmienky spominanej integracie st rozobrané v ¢lanku [H1]. Pre nas je momentalne
dolezité, ze v rovnici (10) sa moézZeme prostrednictvom porovnania modulov a faz
komplexnych ¢isel na pravej a lavej strane dopracovat k analytickému rieseniu pre A,,,

resp. Z,. Porovnanie amplitud vedie k:

/ AP~ =1, (1)

p? =+ [¢J?

kde mozeme uvazovat (, = (, pretoze prava strana je od n nezavisld. Z porovnania faz

dostavame priamo vztah:

_ whA
w7

(12)

n

Pre uplnost budeme vysledné vztahy prostrednictvom zameny iw, — w + 0 formulovat

priamo na redlnej osi v jazyku A(w) a Z(w):

A(w) :Z/ (1+%>, Z(w) = (1+%> (1+%) (13)

-2

['s = (1 —|¢|)/mNo, Qw) = \/(w +4il)2 — A”. (14)

kde:

Pre ilustraciu I'y je potrebna volba konkrétneho rozdelenia Ps(U). Vyuzitim (11) je
jednoduché ukazat, ze v pripade volby lorentzovského rozdelenia pre skalarne necistoty,
zodpoveda I'y akurat jeho Sirke.

Ako mézeme vidiet, vztah pre funkciu energetickej medzery A(w) z (13) je totozny s (3)

a v kombindcii s hustotou stavov (2) vedie na tvar tzv. Dynesovej formuly [6]:

w+ il
Vw+ire -~

N(w) = NoRe : (15)

kde I' zodpoveda roptylovej konstante, merajicej pravdepodobnost rozptylu elekrénu

11



na NP necistote. V tomto baleni ma teda I' jednoznacne definovany charakter, zod-

povedajuci vplyvu magnetickych necistot.

Pre tplnost zndzornime vysledok (13), kédujici uplnt informéaciu o jednocasticovych
vlastnostiach elektronov v supravodivom stave rozptylujicich sa na ZP a NP necis-
totach aj graficky prostrednictvom obr. 7. Okrem ocakavaneho limitného spravania
limy, sa00 A(w) = A a lim,, 100 Z(w) = 1 si méZeme vSimnit aj to, Ze pre lubovolne
mali rozptylovi konstantu I' je lim,,_,0 A(w) = 0. Upozornime, ze takéto spravanie
A(w) je nevyhnutné pre to, aby hustota tunelovych stavov (15) nadobudala na Fermiho

energii kone¢nid hodnotu.

M/A =2 MW/A =2
1.0p=== ~ ——= - — Re, [/M,=0.1
. o I "~ Re [/F,=02
IS 0.5¢ AN = ReTim,=01]
3 | ) "W/ Re T/M,=02
< 00 ¥
— Im, [/M,=01 | ] — Im, [/Fy=0.1 1
o5 M I:/rn=0~2 . _,,/" | ‘ - Im‘, M/M=0.2 ]
-2 -1 0 1 2 -2 -1 0 1 2

w/A w/A

Obr. 7: Priklad redlnej a imaginirnej ¢asti A(w) a Z(w) zndzornujici ich spriavanie uvazu-
juc konec¢nii hodnotu I' a I';. Upozornime, zZe I';, = '+ T, reprezentuje celkovi rozptylovi
konstantu v normalnom stave.

Zaujimavy je taktiez pohlad na néas vysledok z (13), z pohladu jednotlivych prispevkov

k self-energii:

O(w) = Z(w)A(w), I'(w) =iw(l - Z(w)),
. ir, B w4 il
_A<1+Q(w)), =TI +T o) (16)

V pripade normélneho stavu moézeme z (16) pozorovat, ze I'(w) = I',, = I'+T'; prirodzene
nie je nulova, avsak NP a ZP necistoty v nej zohravaju tplne rovnocennu tlohu, presne

podla ocakavani.

Ak sa na (16) pozrieme v supravodivom pripade, mézeme zbadat rozdiel, akym vchadza
dohry I"a T'y. Ak by sme uvazovali (treba povedat, ze z pohladu experimentu zrejme dost
nestandardny) pripad, v ktorom I'y = 0, obe ¢asti self-energie by boli ¢isté konstanty.
Mozno teda povedat, Ze vplyv necistot vedicich k ZP rozptylom sa prejavi prave
frekvencénou zavislostou self-energie. Konkrétna zavislost je uz samozrejme diktované

oboma typmi necistot spolo¢ne s vplyvom supravodivosti.

Kedze mame k dispozicii ako A(w) tak aj Z(w), mdézeme skompletizovat nas popis

12



jednocasticovych vlastnosti Dynesovho supravodica. Ukazuje sa, ze Greenova funkcia,
ktora ho popisuje, sa da v elegantnom baleni Nambu-Gorkovho formalizmu zapisat ako

matica 2 X 2 nasledujicim spésobom [H3]:

Glk,w) = %(?ln [ei — e(w)ﬂ, e(w) = \/(w +il)* — A 4T, (17)

kde ¢ = 7'0% —713% —7'3% a symboly 7; ozna¢uji Pauliho matice. V (17) sme predstavili
funkciu €(w), ktord sa pre Dynesov supravodi¢ lisi od ¢istého BCS pripadu minimélnym
sposobom: vplyv ZP procesov je zahrnuty jednoduchou zamenou €(w) — e(w) + il',
zatial co NP procesy sa prejavia posunom frekvenci: w — w + I, podobne ako v

Lloydovom modeli v normalnom stave.

Struktira (17) ukazuje, Ze na teériu Dynesovych supravoditov sa d4 v tomto baleni
pozerat aj fenomenologicky (bez technicky dlhého rieSenia CPA rovnic), ako na velmi

prirodzené a minimalistické rozsirenie BCS teodrie.

13
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Excellent fits of the tunneling density of states in disordered superconductors can be often achieved making use
of the phenomenological Dynes formula. However, no consistent derivation of this formula has been available so
far. The Dynes formula can be interpreted by the simplest causal frequency-dependent gap function A(w) with
a vanishing gap at the Fermi level. Here we show, within the coherent potential approximation, that precisely
such a gap function describes superconductors with a Lorentzian distribution of pair-breaking fields and arbitrary
potential disorder. We predict spectral and thermodynamic properties of such superconductors.

DOI: 10.1103/PhysRevB.94.144508

I. INTRODUCTION

The tunneling density of states N (w) is a basic characteristic
of the single-particle properties of superconductors. The
knowledge of N(w) has played a major role in identification
of the pairing mechanism in conventional superconductors,
and with a similar aim N(w) is often also studied in modern
superconductors [1]. On the other hand, N(w) is also used
as a diagnostic tool enabling us to discover the existence of
pair-breaking processes in superconductors and to quantify
their extent [2]. Such studies are important from the basic
physics point of view, for instance in the context of the still not
completely understood superconductor-insulator transitions
[3.4], but also from the point of view of applied physics,
since in many electronic applications of superconductors such
pair-breaking processes are to be avoided [5].

The presence of pair-breaking processes shows up in the
tunneling experiment as a finite density of states within the
ideal superconducting gap A. Long ago, a simple phenomeno-
logical formula has been proposed for superconductors with
such processes [6],

N(w):NoRe[ o+ il } (1)

Viw+irp —A?

which is now known as the Dynes formula. The parameter
I" in this formula quantifies the effect of the pair-breaking
processes, and N is the normal-state density of states at the
Fermi level.

In order to demonstrate the quality of fits which can be
achieved making use of Eq. (1), in Fig. 1 we reproduce
the recently measured low-temperature tunneling data on a
series of MoC films with varying thickness [4], together with
their fits to the Dynes formula. Similarly perfect agreement
between experimental data for disordered superconductors and
the Dynes formula has in fact been observed quite frequently,
see, e.g., Refs. [7,8], indicating that Eq. (1) should be caused
by a generic mechanism.

The only mechanism leading to the Dynes formula which
has been suggested so far postulates that its appearance in
tunneling experiments is caused by inelasticity of the tunneling
process [9]. However, this mechanism can not explain the
systematic changes of N(w) observed in Fig. 1, which must
have a truly intrinsic origin. The aim of this paper therefore is

2469-9950/2016/94(14)/144508(8)
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to propose a generic and intrinsic microscopic interpretation
of the Dynes formula.

II. GAP FUNCTION

Let us start by noting that, within the Eliashberg theory,
N(w) is completely determined, once the gap function A(w)
is known:

N(w) = NoRe[

1)
_ . 2
JVo? — Az(w)i| @

According to Eq. (1), N(w) is finite at the Fermi level and this
requires that A(w) vanishes as @ — 0. The gap function A(w)
should also be causal, i.e., analytic in the upper half plane, and
it should approach A in the high-energy limit. It is known [10]
that the simplest function with these properties,

wA

A =0T

3)
does lead to the Dynes formula, when inserted into Eq. (2).
Therefore our task in the rest of this paper is to find a
microscopic explanation of Eq. (3).

Itis worth pointing out that Mikhailovsky et al. [10] did find
amechanism leading to Eq. (3). In fact, by a carcful analysis of
the Eliashberg equations they have shown that Eq. (3) applies
even in a clean system, since the electron-phonon scattering
has also a pair-breaking component at finite temperatures 7.
However, the mechanism of Mikhailovsky et al. predicts that
I" scales with T according to T oc T3, and therefore it is not
of direct relevance to the experiments of Refs. [4,7,8] and the
like, where the parameter I" is only weakly 7" dependent and
does not vanish in the low-temperature limit.

The explanation of Eq. (3) should be therefore sought in the
presence of elastic pair-breaking processes, such as scattering
on magnetic impurities [ 1 1] and/or fluctuating order parameter
[12]. However, the latter possibility seems to be ruled out by
the spatial homogeneity of the tunneling spectra observed in
Ref. [4]. Moreover, a fluctuating order parameter is expected
to produce appreciable change of N(w) only for |w| ~ A [12].
Therefore in this paper we will concentrate only on the effect
of magnetic impurities.

It should be pointed out that, when the magnetic impurities
are treated in the Born approximation [11], the functional form
Eq. (3) does arise, but only in the limit I' 3> A, which is not

©2016 American Physical Society
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FIG. 1. Normalized tunneling conductance of thin MoC films
with varying thickness at T =~ 500 mK, from Ref. [4], with fits
to the thermally smeared Dynes formula. For further details see
Appendix F.

of direct relevance to the data in Fig. 1. Subsequent theoretical
work which went beyond the Born approximation concentrated
on the limit of dilute magnetic impurities. Within the T-matrix
approximation, which should be essentially exact in the dilute
impurity limit, Shiba has found magnetic impurity-induced
bound states inside the energy gap in the absence of additional
potential disorder [13], and the precise energy of such bound
states was found to depend on the coupling strength to
the impurities. Furthermore, finite concentration of magnetic
impurities was shown to lead to the formation of impurity
bands centered at the bound-state energies, see Fig. 2. Provided
the magnetic impurities are dilute, later it was shown that
the presence of additional strong potential disorder does not
change these results [14], and very recently it has been
argued that even going beyond mean-field theory leads to only
marginal changes of Shiba’s results [15].

0.08 _
£
004 3
>
0.605
— CPA
- -- T matrix
05 y =3x102 "
0 [ x=103—, . . .
.8.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
w/A

FIG. 2. N(w) for a superconductor with dilute pair-breaking
impurities with A, = 0.6 and 7 NyA = 0.05. Results for two impurity
concentrations are shown, x = 0.001 and x = 0.03. The inset shows
that, within CPA, the hard spectral edge of the impurity band softens
if we replace the delta functions in Eq. (6) by Lorentzians with widths

}/V().
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It seems to be clear then that, in order to reproduce Eq. (1)
in the physically relevant case I' < A, one has to allow for
spatially varying coupling strengths to impurities, but in such
a way which leads to a spatially uniform gap function. This
forces us to allow for a dense distribution of impurities, and
therefore we have to abandon the previously used techniques
[13-15]. In this paper we have chosen to make use of the
coherent potential approximation (CPA), which is well known
to provide a successful description of single-particle properties
in disordered systems [16—18].

III. CPA EQUATIONS

Within CPA we look for an averaged Nambu-Gorkov
Green’s function GM defined by Gl = Ggl — 3, where
Gal(k,wn) = iw, Ty — kT3 is the bare Green’s function and
fln = —il', 10 + &, 71 + x,73 is a local translationally invari-
ant self-energy generated by disorder and pairing interactions.
We work in imaginary time formalism, the index n denotes the
Matsubara frequency, and 7; are the Pauli matrices.

For the impurity potential we take

‘,}ZA‘L’]-FU‘L@—}—V‘[().

The first term is the spatially homogeneous pairing interaction;
the second term is a fluctuating potential which is usually
large in samples described by Eq. (1), and the last term is a
much weaker classical pair-breaking field, polarized along a
fixed direction in spin space [19]. We assume that the fields U
and V are distributed according to independent and spatially
uncorrelated even functions Pg(U) and P, (V).

In CPA the self-energy ¥ is chosen so that, on average,
electrons described by G do not scatter on the random
potential V. As shown in Appendix A, this leads to the
following self-consistent equation for the self-energy,

(V=)1 = Groe(V =)y y =0, )

where the angular brackets denote averaging with respect
to U,V and Gloc = (GM)ii is the diagonal component (in
coordinate space) of G .

For a particle-hole symmetric system, the defining Eq. (4)
of CPA is compatible with x, =0, see Appendix B. In
what follows we use dimensionless pair-conserving and pair-
breaking fields u = 7w NoU and A = w NV, respectively. For
convenience, we also make use of the dimensionless quantities
Yo =N, Ay = A+ iy, and 8, = T Ny(A — &), as well
as of the auxiliary variables

Py +i(wn +T'n)

V@, +T, 2 + @2

| 2

Zn=xn+iyn=

which satisfy the identity |z, |~ = 1. In terms of these variables,
Eq. (4) can be rewritten as a single complex equation, see
Appendix B,

Zn + Sn - An
” 5 = Zn. 5)
(zn + 8, — An)(Zn +o+ A+ 1 ok
By solving Eq. (5), we can find the normal and anomalous
self-energies I',, and &, or, alternatively, the wave-function

renormalization Z, = 1 + I',/w, and the gap function A, =
®,/Z,.
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MICROSCOPIC INTERPRETATION OF THE DYNES ...

Dilute gas of identical magnetic impurities

In order to proceed, we need to specify the probability
distributions Pg(U) and P, (V). We will start by considering
the well studied example with vanishing potential disorder and

Pu(V) =1 —x)8(V) + %[S(V - Vo +sV+ Wl (6)

which describes a set of magnetic impurities with magnetic
field £V, and concentration x. Making use of this distribution
inEq. (5) and assuming thatx < 1, to first order in the impurity
concentration we find

F(J(] + )\4(2))1/0),% + A%

(1+23) @} + (1-23)° a7

VR + A7 A
(1 +22) w2+ (1-22)°a2 | "
0 n 0 n

where 'y = x Ny VO2 and Ay = w NyV,. These are the well-
known self-consistent equations of the T-matrix approximation
[13], which shows that CPA becomes exact in the low-density
limit.

In Fig. 2 we compare N(w) for a superconductor with a
dilute gas of pair-breaking impurities, calculated within the T-
matrix approximation and the full CPA. Both approximations
result in a qualitatively similar density of states. As expected,
the agreement between the two approximations improves as the
impurity concentration x decreases. Somewhat surprisingly,
CPA predicts systematically narrower impurity bands.

Zy=1+

AZ |:1+2F0

IV. THE DYNES SUPERCONDUCTORS

Now we turn to the main result of this paper. In order to
take into account the spatial distribution of coupling strengths
to magnetic impurities, instead of Eq. (6) we consider the
so-called Lloyd model [20],

Po(V) = 1 r

T g vy

with a continuous spread of impurity strengths ranging up to
~I". We emphasize that we don’t need to make any further
assumptions about P(U).

Let us for definiteness consider w, > 0 and assume that
Yu > ¥n > 0. Inserting P, (V) into Eq. (5), we notice that
averaging with respect to A can be readily performed in the
complex plane of A, leading to

¢,
— ) =z, 7
<|z;n|2+u2>u : @

where we have introduced ¢, = (x, + 8,) +i(yy + 2o — Vu)
with )\.0 = 7TNOF.
Comparing the phases of both sides of Eq. (7) leads to

w, A
w, + T

n =

After analytic continuation to the real axis this result reduces
to Eq. (3) meaning that, within CPA, the Lorentzian distri-
bution P,,(V) of pair-breaking ficlds generates precisely that
frequency-dependent gap function A(w) which reproduces the
Dynes tunneling density of states Eq. (1). Moreover, the Dynes
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parameter I' is given directly by the width of the Lorentzian
P, (V). Note that in the absence of pair breaking, i.c., for
I' = 0, CPA predicts A(w) = A, which is consistent with the
Anderson theorem.

Comparing the amplitudes of both sides of Eq. (7) we find
that |¢,| = F is independent of frequency and the constant F
is fixed by fdqu(p,)F/(uz + F?) = 1. The self-energy T,
can be determined from |¢,| = F. After analytic continuation
to the real axis the wave-function renormalization Z(w) =
1+ il'(w)/w reads

il i
Z(w) = (1 + )(1 + —>, ®)
Q 1)

where I'y = (1 — F)/m Ny is the pair-conserving scattering
rate and Q = [(w + iT")? — 52]1/2. The function Z(w) is seen
to be a product of two factors. The first factor, due to
pair-conserving scattering, reproduces the Born approximation
[21], albeit with a generalized I'y. The second factor, due to
pair-breaking processes, has the same form as found previously
for inelastic processes at finite temperatures [10]. Strongly
disordered samples which we are interested in are described
byI' A Ty,

The criterion for applicability of our results, y, > y,, is
satisfied for F > g = nw No(I'? + A2 If for Py(U) we take,
as an order-of-magnitude estimate, a box distribution of width
2U,, we find F = 7w NyUy/ tan(r NyU,)). On the other hand,
for samples with ' < A we have g < 1. From here it follows
that F > g holds provided that U, < 1/(2Ny), i.e., up to
large potential disorder. In Appendix C we argue that the
existence of a critical value of Uy is an artifact of the CPA
approximation.

We emphasize that our microscopics goes beyond the
phenomenology of Eq. (1) by predicting both of the Eliashberg
functions, A(w) and Z(w). The resulting retarded electron
Green’s function reads

(A +ily/ D@+ iD)1 + Ati] + exT3

Guk,w) =
m(k.0) (Q+i0,) — &

©))

Note that Eq. (9) is the simplest consistent generalization
of the BCS Green’s function which takes into account both
the pair-conserving and the pair-breaking scattering processes
with rates I'y and I, respectively. Superconductors described
by Eq. (9) will be called Dynes superconductors in what
follows.

A. Thermodynamics

Next we consider the thermodynamic properties of the
Dynes superconductors. To this end, we realize that the
off-diagonal part A of the potential V has to come from a
phonon-induced anomalous self-energy. As shown in detail
in Appendix D, within the BCS approximation with dimen-
sionless coupling constant A < 1 and cutoff frequency €2, the
self-consistent equation for the Dynes superconductors reads
as

2 A
A=l Y ——— (10)
(lop] +T)2 + A2

w,=—R
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FIG. 3. The order parameter at 7 = 01in a magnetic field b, A, (0),
as a function of b for several I'. First-order transitions for small I are
shown by the dotted line.

Making use of Eq. (10), we can calculate the temperature de-
pendence A = A(T) as a function of the parameter I'. We find
that the critical temperature of a dirty Dynes superconductor
T, is governed by the same equation as in the Abrikosov-
Gorkov theory, w(% + %) - W(%) = ln(%), where ¥ (x) is the
digamma function, « =I'/Q2x T,),x = 7_’C/ T., and T, is the
critical temperature of the clean system. This is because, as
already mentioned, close to the critical temperature, Eq. (3)
applies to superconductors with pair breaking even in the Born
approximation.

Below T, it is convenient to normalize A(T) in terms of
A(0), the zero-temperature gap of the clean system. At 7 = 0
we find A(0) = /A)[A() — 2], therefore the critical
disorder strength for complete disappearance of superconduc-
tivity is T = A(0)/2. The A = A(T) curves for varying T’
are essentially BCS-like, as shown in detail in Appendix D.
The ratio A(0)/7, increases by a factor R with respect to the
clean-system value A(0)/ T, and R slightly grows with I". For
I' - I'. we find R(I'";.) ~ 1.45, which is however much less
than R(I";) ~ 2.52 within the Abrikosov-Gorkov theory.

B. Effect of external magnetic field

Finally we study the density of states of a Dynes supercon-
ductor in an external magnetic field B. We assume that the
superconductor is sufficiently dirty, so that the suppression of
A by B can be roughly estimated by keeping only the Zeeman
coupling, as explained in Appendix E. In this approximation
the effect of B is fully described by simply changing the bare
electron Green’s function to Gal(k,w,,) = ({w, — b))ty — exT3
with b = upB. One can check that the CPA expressions
remain valid, if we make the substitution w, — w, + ib. In
particular, Eq. (10) is replaced by the following self-consistent
equation,

2 A

A=2xT Re — |. (11)
g) [\/(wn +T +ib)> + A2:|

As was to be expected, the theory with only Zeeman coupling,
Eq. (11), predicts a first-order transition at small I", but, as
shown in Fig. 3, the transition becomes continuous for I' >
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FIG. 4. Right panel: map of Ny(w) at T = O1in the (w,b) plane for
a Dynes superconductor with I'/A(0) = 0.38. The dash-dotted curve
marks the positions of the maxima of N,(w) at fixed b. The lower left
panel shows N,(w) for several values of b. The self-consistent values
of A,(0) for the same b values are plotted in the upper left panel.

I'. = 0.355A(0), as one would expect in the full theory with
orbital effects included.

In Appendix E we argue furthermore that, sufficiently far
away from the vortex cores, the density of states in a finite
magnetic field N,(w) can be described by considering only the
Zeeman coupling, and this leads to Ny(w) = Zi N(w=£b)/2.
In Fig. 4 we plot the evolution of N,(w) with b for a Dynes
superconductor with I'/A(0) = 0.38. Due to the Zeeman
coupling, the peak-to-peak distance of the density of states
exhibits only small changes with b, up to the critical field
b.. This means that gap filling rather than gap closing with
increasing b can be observed in dirty Dynes superconductors.
Note, however, that the order parameter A, (0) does behave in
a standard way and vanishes at b, see the left panel of Fig. 4.
Very recently, similar behavior of N(w) in magnetic fields has
been observed experimentally [22].

V. CONCLUSIONS

We have identified a class of gapless superconductors,
the Dynes superconductors, which are distinguished by a
sufficiently broad distribution of pair-breaking fields. The
Dynes superconductors are described by two scattering rates,
I'y and I', for pair-conserving and pair-breaking processes,
respectively. The Green function of a canonical Dynes su-
perconductor is given by Eq. (9). We have shown that this
functional form follows from the CPA equations with a
Lorentzian distribution of pair-breaking fields and arbitrary
potential disorder. The Dynes superconductors are always
gapless from 7, all the way down to the lowest temperatures,
and their thermodynamic properties differ from predictions of
the Abrikosov-Gorkov theory.
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APPENDIX A: COHERENT POTENTIAL
APPROXIMATION

For convenience we present a short sketch of the derivation
of Eq. (4) from the main text. Let G be the full Green’s function
of the disordered system (i.e., a matrix whose indices describe
the lattice sites and the Nambu components) and let G be the
bare Green’s function of the clean system. Then G satisfies the
matrix equation

G=Go+ GG, (AD)
which corresponds to repeated scattering of the bare electrons
(described by Go) by the random potential V. Equlvalently,
Eq (A 1) can be wntten in terms of the T matrix TO in the form
G = Go + GOTOGO Comparing these two expressions for G
one finds casily that

To=vQa-GyV)™! (A2)

In CPA we look for an optimal averaged Nambu-Gorkov
Green'’s function G, describing the disordered medium. Let
us express this effective Green’s function in terms of the self-
energy by the Dyson equation

Gy =6G'-% (A3)
From similar considerations which led to Eq. (A1) it follows
that the full Green’s function of the disordered system G
satisfies the matrix equation
G=Gyu+GuV -G, (A4)
which shows that electrons described by the effective Green’s
function G m interact with a reduced potentlal | >

In order to fix the optimal self-energy 3, let us rewrite
Eq. (A4) for the full Green’s fpnctiqn G in terms Qf the T
matrix of the effective medium 7 by G = Gy + Gy TGy A
calculation completely analogous to that leading to Eq. (A2)
leads then to an expression for the T matrix of the effective
medium:

T=W-S01=G6GuV -1

Note that Eq. (A5) differs from Eq. (A2) by simply replacing v
by V —$and G by G, ic., T describes residual scattering
on disorder, not taken into account in the effective medium
description. Two points are to be noted: (i) 7 for a given
sample depends on the choice of the random potential, and (ii)
T is a matrix in the coordinate space.

Now it is natural to choose the effective medium so
that, after averaging over disorder, the residual scattering is
minimized, (') = 0. Within CPA one requires that only the
site-diagonal components of the T matrix vanish. This leads to
the self-consistent equation [17]

(V=21 =GCie(V -7 =

(AS5)

where GIOC = (G Mm)ii 1s the diagonal component (in coordinate
space) of G . This is Eq. (4) from the main text.
APPENDIX B: DERIVATION OF EQ. (5)

Let us take for the self-energy the ansatz $n = —ilut +
®,,7; + x,73 from the main text, and making use of Eq. (A3)
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let us calculate the averaged Green’s function G uK,w,). We
find

i(a)n + Fn)‘[() + q:’n":l + (ek + Xn)‘[3

Guk,w,) = —
mk.on) (@n + T2 + D2+ (e + 10)?

B
The local Green’s function Glnc(w,,) can be found by Fourier
transforming the function G m(K,w,) from momentum (k) to
real (r) space and by taking r = 0. Replacing the momentum
summation by energy integration and assuming a constant
density of states Ny in the vicinity of the Fermi level, a standard
calculation leads to

A j I,
Gloc(a)n) = —nNol(a)n + 1)‘[0;’— ¢n‘2’:1 .
vV (wn + Fn)_ + ¢n

Note that, as usual, the component of Gh,c proportional to the
Pauli matrix 73 vanishes. This is a consequence of the assumed
particle-hole symmetry of the problem.

Evaluating the matrix inverse entering Eq. (4) is straight-
forward, since G, V, and 3 are matrices 2 x 2. Making use
of the explicit form of the potential V = At 4+ Utz + V1o
from the main text we find

(B2)

a,ty) +ib,t +ic, T + id, T3

— GV - )7 =
[0 Toc( ] a2+ b2+ 2 +d?

5

(B3)
where we have introduced auxiliary variables
l(a)n + D)V +ily) + du(A — ¢,)
V@, +T,7 + ¢ ’

l¢n(V+lF ) = (@, +T)(A = ¢5)

a, =1 + 1N

by, =
Viwn +T)* + ¢
Cy = JTNQ ¢n(U - Xn) ,
Viwn +T0)* + ¢
d = (wn + Fn)(Xn - )
n — TNy—F—

\/ (@ + T+ 62

Inserting the result Eq. (B3) into Eq. (4), we obtain four
equations, which follow from requiring that the coefficients

in front of the Pauli matrices 7; withi =0, ...,3 vanish:
<W+WMWf@;%M+“U_m%%w,$M
a4+ b2+ cl+d?
(w+nw%+q—@mt“”ﬂﬂw:a (B5)
a,‘l+b;+cn+dn
i(V +il)en + (A — ¢)dy, — (U — x)by
<m +znxq+(’ Pn) WU~ Xn) >:Q (B6)
ar+bi+ci+d;
Wv+mﬁ%—@i@meU—mm>:Q (B7)
a:+ b2 +c2+d?

If one makes use of the explicit form of the auxiliary
variables a,,b,,c,, and d,, the last two equations (B6) and
(B7) can be easily solved. In fact, Eq. (B0) is trivially satisfied,
and Eq. (B7) can be written as

< U — X >_
a2 + b2 + [ No(U — xo))?

144508-5



FRANTISEK HERMAN AND RICHARD HLUBINA

Note that the variables a, and b, do not include the scalar
potential U. But since the distribution function P(U) is
supposed to be even, one checks easily that Eq. (B7) is solved
by requiring x, = 0.

Finally, if we take the sum and the difference of Eqs. (B4)
and (B5) and if we make use of the result x,, = 0, we obtain
another set of two equations. They can be written down in a
simple form by using the dimensionless variables w, A,,d,,
and z,, defined in the main text:

< (8n + An)(l + Z:(an - An)) + Z:H«z > _
(T4 226 — AL+ 208 + A+ 2

< (6n — A + 2,(8, + Ap)) + Zn,u«Q > _
(1 + ZZ(Sn - An))(l + Zn((sn + An)) + MZ B

Assuming that ¢, and I, are purely real, we can easily see
that they reduce to just one equation after complex conjugation
and substitution V. — —V in one of them. After some trivial
algebra we are therefore left with just one complex integral
CPA equation in the form of Eq. (5) from the main text.

APPENDIX C: CPA IN THE NORMAL STATE

In the normal state our model for disorder implies that
electrons with spin o experience a random potential W =
U + oV with distribution functions

P, (W) = /dU/dVPS(U)Pm(V)S(U +oV —W). (Cl)
Note that since P, (V) is even, we have Py(W) = P (W) =

P(W). In the upper half-plane w, > 0, Eq. (4) from the
main text is solved for this distribution function by a

frequency-independent self-energy £, = —il'y, where 'y =
(1 — Fy)/(m Ny) and the constant Fy is given by
F
1= <2—N> : (€2)
FN + (JT Ny W)2 W

Note that Eq. (C2) does not have a solution for sufficiently
broad distributions P(W). This is an artifact of the CPA, as can
be shown readily, if we take for Ps(U) and P, (V) Lorentzians
with widths I'y; and I', respectively. In fact, in that case also
P(W)is a Lorentzian with width I" + I'y and Eq. (C2) implies
that 1 — Fy = w No(I" + I'y), or, in other words, the normal-
state self-energy is given by the widthof P(W),I'y =T + T.
However, since Eq. (C2) clearly requires that Fy > 0, the CPA
solution is valid only for w NoI'y < 1.

On the other hand, as shown by Lloyd [20], the normal-state
model with a Lorentzian distribution P(W) is exactly solvable
for all values of I'y, thus the criterion 7 NoI'y < 1 can not
have any physical meaning and it must be an artifact of the
CPA. It should be pointed out, however, that in its region of
validity, the CPA does reproduce the exact self-energy of the
Lloyd model [20].

APPENDIX D: THERMODYNAMICS
OF THE DYNES SUPERCONDUCTORS

Let us assume that the pairing in the Dynes superconduc-
tors is driven by a local phonon-mediated electron-electron
interaction Up, which is present up to a finite frequency cutoff
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Q. Then, at the mean-field level, the off-diagonal part of the
potential V is determined by the self-consistent equation

A= Upnh (Y4 (D) (1)),

where ¥, (r) are the annihilation operators for electrons at
site r. After Fourier transformation to momentum space with
annihilation operators ck., this equation can be written as

. Upn
A= p ch)rc k¢

(DD

Upn ZG (k,r = 0"), (D2)

where N is the number of lattice sites and G2 is the
off-diagonal component of the averaged Green’s function.
Performing the temporal Fourier transformation of the Green’s
function and making use of the explicit form of G u» Eq. (B1),
together with the result x, = 0, Eq. (D2) can be written as

_ T Zo Ao
A=Up~ .
P ey,

(D3)

Let us note that the momentum summation in Eq. (D3) can be
replaced by energy integration, which in turn can be performed
explicitly. Imposing furthermore the frequency cutoff €2, this
leads to the result

A =T Z

where A = NoUpy, is a dimensionless coupling constant. Note
that the wave-function renormalization Z,, drops out from the
right-hand side. If in Eq. (D4) we make use of the frequency
dependence of the gap function of a Dynes superconductor,
valid for both signs of w,,

D4
T +A2 (D4)

lom| £
|om| +T

we finally end up with the self-consistent Eq. (10) from the
main text. It is worth pointing out that Eq. (10) from the main
text does not contain the pair-conserving scattering rate Iy,
and this is consistent with the Anderson theorem.

In Fig. 5 we show the temperature dependence of the ideal
gaps A(T) of Dynes superconductors for various pair-breaking
parameters I', which are seen to be essentially BCS-like for
all admissible values of T".

m = s

APPENDIX E: EFFECT OF FINITE EXTERNAL
MAGNETIC FIELD

External magnetic field interacts with electrons via two
different mechanisms: via the Zeeman coupling and by
minimal coupling between the electron’s momentum and
the vector potential, which for brevity will be called orbital
coupling. In order to compare the relative importance of the
Zeeman and orbital couplings, we will estimate the critical
fields, i.e., those fields which lead to a complete destruction of
superconductivity, for both mechanisms taken separately. Let
us start by considering the orbital coupling. In a dirty type-1I
superconductor such as MoC, the upper critical field H., can be
estimated as woHey ~ ®o/(€0f), where @ is the flux quantum,
& ~ hvr/A is the coherence length, and £ is the mean free
path. On the other hand, due to the Zeeman coupling, the
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FIG. 5. Numerically determined ideal gaps A(T) of Dynes
superconductors for various pair-breaking parameters I" for fixed
A < 1 and Q. The gaps are measured in units of A(0), which is the
gap of the clean system at 7 = 0. Temperature is displayed in units
of T,, which is the critical temperature of the clean system.

Cooper pairing will be destroyed by the Pauli depairing field
Hp, which can be estimated as woHp ~ A/up, where up
is the Bohr magneton [23]. Comparing the two estimates we
find Hp/H ~ kp{, which shows that in materials which are
close to the metal-insulator transition, the Zeeman and orbital
couplings are of the same order of magnitude. This suggests
that the suppression of A with magnetic field in such samples
should be described qualitatively correctly by keeping only the
Zeeman coupling, of course only at sufficiently large I', where
the transition is continuous. This approximation has been used
in the main text in Figs. 3 and 4.

However, since the Zeeman and orbital couplings are of
comparable magnitude, it is legitimate to ask whether it is
sufficient to keep only the Zeeman coupling in calculating the
effect of the magnetic field on the density of states Np(w).
To answer this question, let us remember that, in a wide field
range, type-1I superconductors exhibit the vortex state. If the
density of states is to be measured sufficiently far away from
the vortex cores, as is assumed in this work, then the orbital
effect of the magnetic field can be taken into account by the
Doppler shift, which is proportional to the local momentum
of the supercurrent flow ¢ in the point where the density of
states is being measured [24]. This changes the bare electron
Green’s function in the presence of magnetic field to

Gy (k,w,) = (iw, — b — 8)10 — exTs,

where b is the Zeeman energy and 6k = Vi - q is the Doppler
shift. Note that both pair-breaking fields b and dk enter the
Green’s function in the same way, the only difference being
that 8k depends on the direction of k, while b is direction
independent.
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FIG. 6. Density of states Ny(w) of a Dynes superconductor with
I'/A(0) = 0.38 and Zeeman coupling b/A(0) = 0.16, when the gap
is reduced to A,(0)/A(0) = 0.46 (see Fig. 4 of the main text). Note
that the effect of the orbital coupling 8 is very mild up to large values
8 ~ 2b.Moreover, the peak-to-peak distance of N,(w) exhibits further
increase due to orbital effects.

In the presence of the Doppler shift, the density of states of
a 3D superconductor changes to

] T
Np(w) = ZZ/ dfsinON(w+ b — vpgcosd), (El)
T 0

which shows that the Doppler shift and the Zeeman coupling
modify the density of states in a similar fashion.

Finally, we need to fix the magnitude of § = vpq. Obvi-
ously, & is position dependent, but it is easy to see that on
the boundaries of the flux-lattice cells, § has to vanish by
symmetry. This means that the results presented in Fig. 4 of
the main text are directly applicable at such boundaries [25].
Moreover, Fig. 6 shows that the orbital effects on N,(w) are
small with respect to the effect of the Zeeman coupling up to
large values of §, which shows that keeping only the Zeeman
coupling in estimating N,(w) should be a good approximation
in a quite broad range of positions away from the vortex
centers.

APPENDIX F: REMARKS ON THE EXPERIMENT
OF SZABO et al.

The differential tunneling conductance at a finite voltage V/
between a featureless normal metal and a superconductor with
density of states N(w) is at finite temperatures given by

af
G(V)d/dwN(w—l—eV)(——), (F1)
w
where f(w) is the Fermi-Dirac distribution. Note that in the
zero-temperature limit —d f/dw reduces to a delta-function and
G (V) becomes directly proportional to N(eV'). The fits shown
in Fig. | of the main text were done making use of Eq. (F1)
with f(w) taken at the finite experimental temperature, and the
density of states N(w) was described by the Dynes formula.
Fitting parameters A and I which have been used in those fits
are shown in Table 1.

Note that with decreasing film thickness d, the pair-
breaking parameter I' increases (the slight nonmonotonicity
of the I'(d) dependence will be discussed later), while the
ideal superconducting gap A decreases. Let us first discuss the
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TABLE 1. Fitting parameters A and I" which have been used in
Fig. 1 of the main text for films with varying thickness d.

d(nm) 3 5 10 30
A(meV) 0.19 0.63 1.12 1.22
['(meV) 0.16 0.21 0.1 1073

d dependence of I'. If our interpretation of the Dynes formula
in terms of the Lorentzian distribution of pair-breaking fields
is applicable to the data of Szabd et al. [4], then the width of
the distribution P, (V) has to increase with decreasing d. This
will obviously happen if the effective concentration of the pair
breakers grows with decreasing d. One possible scenario of
how this could happen is to assume that the pair breakers are
located in the vicinity of the interface between the film and the
substrate.

Next we discuss the thickness dependence of A. Since I’
in the thickest sample is negligible and since T < A, we will
assume that the T = 0 gap of a system without pair breakers,
A(0), is equal to the value of A for d =30 nm, in other
words A(0) = 1.22 meV. Switching on a finite pair-breaking
I' should lead then to a decrease of A(0) described by
A(0) = «/A(O)[A(0) — 2T'], see main text. This prediction is
shown in Fig. 7, together with the experimental data taken from
Table I. Here we have assumed that the T = 0 values A(0) can
be approximated by the measured values of A. This should
be a good approximation, except perhaps for the thinnest
sample, whose 7, is roughly only two times larger than the
experimental temperature.
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FIG. 7. Theoretical prediction for the evolution of the ideal
superconducting gap A(0) with the pair-breaking parameter I' of
a Dynes superconductor. Experimental data are shown as red dots.

Figure 7 shows that the initial decrease of A(0) with
increasing I" is captured well by our theory. However, the
agreement between theory and experiment breaks down for
the two thinnest films. This signals that different physical
phenomena, not included in our theory, start to play role in
such very thin films. We have learned recently that there are
indications that in those films. which are close to the loffe-
Regel limit, the normal-state density of states might exhibit
the Altshuler-Aronov singularity [26]. If this were true, then
the normal-state conductance G (V) would not be constant
and, in the most naive approach, different G(V)/ G y(V ) curves
would have to be fitted by the Dynes formula. It is plausible
that also the nonmonotonic behavior of I'(d) might be caused
by the same physics.
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Spektralne vlastnosti Dynesovych

supravodicov

V poradi druhom ¢ldnku [H2] sa venujeme experimentdlnej predpovedi spektralnych
vlastnosti pre Dynesov supravodi¢. Clanok je motivovany neddvno publikovanou pracou
[10], ktord sa taktiez snazi prostrednictvom Eliasbergovho formalizmu fenomenologicky
zakomponovat rozptyly pre dva typy necistot. V c¢lanku ukazujeme, Ze hoci spominana
tedria obsahuje aj zaujimavé vlastnosti (hustota stavov vyjde taktiez vo forme Dynesovej
formuly), je vnitorne nekonzistentnd, nakolko vo vSeobecnom pripade porusuje jedno

zo sumacnych pravidiel.

Stcastou ¢lanku [H2| je grafickd analyza rezov spektralnych funkcii pre Dynesov
supravodi¢, uvazujic fixované hodnoty ;. Na druhej strane, v tom istom clanku
odvodime aj formulu pre rezy spektralnych funkcii vseobecného Eliasbergovho supravodica
v pripade fixovanej veli¢iny w. Je preto prirodzené pozriet sa na to, ako vyzera elek-
tronova spektralna funkcia v priestore (ex, w) a vytvorit si tak predstavu o vplyve
necistot na ich tvar v smere jednotlivych rezov. Na obr. 8 preto prezentujeme elektrénovi

spektralnu funkciu v jazyku spominanych premennych.

3 A Agq(gg,w), T/A=1,TIT, =02

wiA

Obr. 8: Elektronova spektralna funkcia pre Dynesov supravodi¢ s oboma typmi
rozptylovych procesov. Zretelne vidime rozmazanie delta funkénych oblasti v porovnani
s pripadom cistého BCS supravodica.



Upozornime, ze vSeobecnu teodriu, ktora citatela prevedie od definicie Greenovej funkcie,
cez jej spektralnu reprezentaciu az samotnym sumacnym pravidlam uvadzame v dodatku
C. Kedze vsak v tomto pripade narocnost technikalit nedosahuje taki vysoku troven,
ako vypocty v predoslej kapitole, prejdeme priamo k vysledkom pre spektralne funkcie

Dynesovho supravodica. Ich tvar sa d& vytazit priamo z (17) pre Greenovu funkciu vo

forme: .
An(k,w) = —; Im |:G11(k,u))i| . (18)
Dalej, na obr. 9 a 10 prezentujeme rezy pre elektrénové spektralne funkcie Dynesovho
supravodica.
0.6f r,=A - Iry=0. |1
0.5} M =025/
Mr,=05 |1
- Ir,=l ]
| S —
L
1 3 5
w/A
Obr. 9: Spektralne funkcie Aj1(k,w) pre elektrén vnitri Fermiho mora v Dynesovom
supravodiéi s e¢x = —3A. Hodnota celkovej rozptylovej konstanty v normalnom stave:

T', =T + T je rovnaka ako na obr. 8. Krivky sa lisSia hodnotou konstanty I' zodpoveda-
jacej NP rozptylom, zatial ¢o I',, je konst.

0.8} M =A - r,=0. |-
M/, =0.25
— 0.6} 1
3 r/r, =05
=04 — =1 |

< -

00— 53 "7 1+ 3 5

w/A

Obr. 10: Spektrilne funkcie Ajq(k,w) pre elektrén na Fermiho ploche v Dynesovom
supravodici s ¢x = 0. Hodnoty rozptylovych konstant sti rovnaké ako na obr. 9.

Podobnui analyzu mozeme aplikovat taktiez aj pre anomalne sprektralne funkcie, defino-
vané vztahom:

Aps(k, w) = —% Im [élg(k,w)} . (19)
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V ramci tejto prace si vsak vystacéime s obr. 11, kde prezentujeme vrstevnicovy plot

anomalnej sprektrélnej funkcie v priestore (w, €y).

_ _ 0.35
DA (gg,w), Th/A =1,TIM,=0.2
3 0.25
2 —0.15
1 (E>> D oos
I
3 0 B
_2 — -0.15
-3 -0.25
-3 -2 -1 0 1 2 3
N -0.35

Obr. 11: Anomalna spektralna funkcia pre Dynesov supravodi¢c s oboma typmi
rozptylovych procesov.

V ¢lanku [H2] dalej rozoberdame formélne vlastnosti spektralnych funkeii pre model
Dynesovho supravodica, ako aj ich analyticky tvar v pripade meniacej sa hybnosti k pri
fixovanej energii w. Prezentujeme explicitny dokaz sumacnych pravidiel, ako aj dokaz
kladnej definitnosti funkcie A;;(k,w).

-400 ~50 0 50 100
w (meV)

Obr. 12: Experimentalne pozorované, nizko-teplotné, symetrizované spektralne funkcie
na Fermiho ploche publikované v [10] pre optimélne dopovani vzorku Bi 2212 pri uhle
¢ =24°. V obrazku taktiez prezentujeme fity metédou najmensich Stvorcov v inter-
vale (—100, 100) meV okolo Fermiho plochy s pouZitim spektralnej funkcie pre Dynesov
supravodi¢ (18)(¢ervend krivka) a s pouzitim teérie uvedenej v [10] (modra krivka).
Konkrétne hodnoty fitujicich parametrov st uvedené v ¢élanku [H2].
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Sucastou [H2] je taktiez porovnanie experimentalnych vysledkov pre spektralne funkcie
merané metédou ARPES [16] na kupréatoch pri nizkej teplote v tzv. nodélnej oblasti
(oblast s dobre urc¢itelnou hodnotou energetickej medzery). Vysledok nésho fitu prezen-

tujeme na obr. 12, spolo¢ne s fitom pomocou téorie pouzitej v [10].

Vysledok ukazuje, ze pre rovnaky pocet parametrov sme pre hodnotu ¢ = 24° schopni

dosiahnut fity s minimalne rovnakou kvalitou ako autori v spominanej publikacii.

V ramci tejto prace doplnime vysledok zobrazeny na obr. 12 fitmi zobrazenymi na
obr. 13 a 14, v ktorych uvazujeme iné hodnoty uhla ¢. Vysledné fity prezentujeme

spoloc¢ne so zistenymi hodnotami fitacnych parametrov.

Aqq(k,w)

- N WO b 00 O N

lo

00 50 0 50 100
w (meV)

Obr. 13: Spektralne funkcie na Fermiho ploche publikované v [10] pre optimélne dopo-
vanu vzorku Bi 2212 pri uhle ¢ = 13.5°. Ostatné parametre obrazku su totozné s obr. 12.
Konkrétne hodnoty fitujicich parametrov sti: a) pre tedriu navrhnuta v [10](modra
krivka) (A =16, T' = 1, Ty = 7.3, A = 136) meV, zatial o pre tedriu navrhnuti v
[H2](Cervena krivka) (A =15, =3.2, 'y = 4.6, A = 141) meV.

14
12}
10¢

Aqq(k,w)

w (meV)

Obr. 14: Spektrialne funkcie na Fermiho ploche publikované v [10] pre optimalne dopo-
vanua vzorku Bi 2212 pri uhle ¢ = 4.4°. Ostatné parametre obrazku sa totozné s obr. 12 a
13. Konkrétne hodnoty fitujicich parametrov sia: a) pre teériu navrhnuta v [10](modra
krivka) (A =49, T = 1.3, 'y = 5.6, A = 200) meV, zatial ¢o pre teériu navrhnuti v
[H2](Cervend krivka) (A =44, =22,T, =4, A =210) meV.
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Ako mozeme vidiet na obr. 13 alebo/a obr. 14, pre mensie hodnoty uhla ¢ je kvalitativna
zhoda fitu, pre spektrdalnu funkciu vo forme Dynesovho supravodica stale pritomna,

avsak v porovnani s tedriou uvazovanou autormi ¢lanku [10] sa javi byt horsia.

Na druhej strane treba vziat do tvahy jej vnutorna konzistenciu, spolo¢ne s faktom, ze
v p6vodnom baleni nie je teéria Dynesovych supravodi¢ov odvodena pre pripad HTC
supravodicov. Tento fakt moze mat za nasledok, ze niektoré detaily jej unikaju, zatial

¢o "podstatu veci" popisuje spravne.

Na zaver sa podme pozriet na analytické vlastnosti spektralnych funkcii v limitnych
pripadoch. Ukazuje sa, ze analyzou vztahov uvedenych v [H2] sa daji nahliadnut
jednoduché, ale pritom celkom zaujimavé vlastnosti spektralnych funkcii Dynesovho
supravodi¢a v pripade vypnutych NP resp. ZP rozptylovych procesov. 1 ked sa
samozrejme jedna viac menej o akademickt tlohu vysSetrovania limitnych pripadov,
vdaka pomerne elegantnej strukture vyslednych vztahov sme sa rozhodli tieto pripady

zahrnit do hlavného textu prace.

V pripade, ked uvazujeme rezy spekralnych funkcii pre e = konst. s absentujicimi ZP

rozptylovymi procesmi (I'y = 0), vyjde spektralna funkcia v tvare:

Ay (k,w) = , (20)

N | —

k k

<1 + 2—k>(51"(w — BEx) + <1 — ;—k>(5F(W+Ek)

kde By = 1\/ei + A Vidime, zZe v tejto forme ma spektralna funkcia rovnaké koherencéné
faktory ako v pripade ¢istého BCS supravodica. Tieto koherencné faktory vsak nie st
nasobené delta funkciami (akoby tomu bolo v BCS pripade), ale lorentzidnmi or(w + Ex)

so Sirkou I' a so stredom v w = +E.

Citatela zrejme neprekvapi, Ze rovnaki vlastnost mézeme zbadat aj v energetickom
rozdeleni anomalnej sprektralnej funkcie A(k,w), ktord pre uvazovany pripad (I's = 0)
nadobuda tvar:

Am(k,w) = % (5{* (w — Ek) — 5F (w + Ek) . (21)

Ak sa pre zmenu sustredime na pripad vypnutych NP rozptylov pri vysSetrovani rezov s

fixovanou hodnotou w, narazime v pripade elektrénovej spektralnej funkcie na struktaru:
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w ~ w ~
(1 + :>5ps(gk - Q) - (1 - :)5ps(ak +Q) 1,
Q Q
(22)
kde Q = \V w? — A%, Ako vidime, vnutri energetickej medzery je spektralna funkcia
bez pritomnosti NP rozptylovych necistot nulova, zatial ¢o mimo nej méa spektralna

funkcia znova podobni struktiru ako v BCS teorii. Namiesto delta funkcii v nej vSak

vystupuju lorentziany, tentokrat so sirkou I';.

V ¢ldnku [H2| sa samozrejme venujeme vSeobecnejsiemu pripadu uvazujic oba druhy
rozptylovych procesov a formula (C2) predstavuje vseobecny tvar elektrénovej spektral-

nej funkcie Ay (k,w) v smere hybnostného rozdelenia (uvazujic w = konst.).

Pre tplnost ma zmysel sa pozriet taktiez na anomalnu spektralnu funkciu, teda A (k, w).

V andlogii so vztahom (C2) z ¢lanku [H2| sa tato funkcia dé vyjadrit v tvare:

P 1 [cp <1>"] 47 P2
Q T

Ap(k,w) = o [5f(gk — Q) + 0x(ex + ﬁ)} +5 = 0z (e — )0 (ex + Q),

(23)
kde & = &’ + id”. Sustredme sa teraz opit na Specidlny pripad, kedy budeme uvazovat
vypnuté NP rozptylové procesy, teda I' = 0. V takom pripade:

0,
A

pre |w| < A:
pre lw| > A 5 [5119 (ex — ﬁ) + 0r, (ex + ﬁ)},

Apa(k,w) = _ (24)

kde mame opéaf moznost nahliadnut rovnaka vlastnost ako v pripade vztahu 22.
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Consistent two-lifetime model for spectral functions of superconductors
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Recently it has been found that models with at least two lifetimes have to be considered when analyzing the
angle-resolved photoemission data in the nodal region of the cuprates [Kondo et al., Nat. Commun. 6, 7699
(2015)]. In this paper we compare two such models. First we show that the phenomenological model used by
Kondo et al. violates the sum rule for the occupation number. Next we consider the recently proposed model
of the so-called Dynes superconductors, wherein the two lifetimes measure the strengths of pair-conserving and
pair-breaking processes. We demonstrate that the model of the Dynes superconductors is fully consistent with
known exact results, and we study in detail the resulting spectral functions. Finally, we show that the spectral
functions in the nodal region of the cuprates can be fitted well by the model of the Dynes superconductors.

DOI: 10.1103/PhysRevB.95.094514

I. INTRODUCTION

Recent experimental progress in angle-resolved photoemis-
sion spectroscopy (ARPES) [1] enables not only to determine
the position of features in the electron spectral function,
but also to study more subtle issues, such as the spectral
line shapes. At least for the conventional low-temperature
superconductors, there does exist a theoretical technique which
can address such issues—namely, the Eliashberg theory [2],
which allows for strong coupling between the electrons and the
bosonic collective modes. However, it is not obvious whether
this type of theory is applicable to the cuprates. Moreover,
even conventional superconductors may possess complicated
phonon spectra, and/or they can exhibit substantial elastic
scattering [3], both of which complicate the Eliashberg
analysis. For all these reasons, it is desirable to have a
simple and generic theory which does take finite quasiparticle
lifetimes in superconductors into account.

Let us start by noting that spectral functions of a BCS super-
conductor in the presence of elastic pair-conserving scattering
can be found even in textbooks [2,4]. However, it is well known
that the density of states (or the so-called tomographic density
of states in the case of anisotropic superconductors [5]) implied
by such spectral functions exhibits a full spectral gap consistent
with the Anderson theorem. On the other hand, experimentally,
the gap is quite often only partial [3,5], and the tunneling
density of states is better described by the phenomenological
Dynes formula [6,7]. This means then that, in order to take
the nontrivial density of states into account, also a second type
of scattering process—which is not subject to the Anderson
theorem—has to be considered. Two-lifetime phenomenology
of precisely this type has in fact been applied quite recently [8]
with the aim to parametrize the high-resolution ARPES data
in the nodal region of the cuprates.

The goals of this paper are twofold. First, in Sec. II we
demonstrate that the model used in Ref. [8] can be cast into a
form consistent with the generalized Eliashberg theory and that
it exhibits several attractive features. However, we also show
that the resulting 2 x 2 Nambu-Gor’kov propagator violates
the sum rule for the occupation number and therefore the model
used in Ref. [8] should be discarded.

Our second goal is to demonstrate that, nevertheless, a fully
consistent two-lifetime phenomenology for superconductors

2469-9950/2017/95(9)/094514(8)
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does exist. To this end, we consider the recently proposed
model of the so-called Dynes superconductors [9], wherein the
two-lifetime phenomenology results as a consequence of tak-
ing into account both the pair-conserving and the pair-breaking
scattering processes. In Sec. III we present detailed predictions
for the spectral functions of the Dynes superconductors, and
we explicitly demonstrate the applicability of this approach
to the low-temperature ARPES data in the nodal region of
the cuprates. Furthermore, in the appendices we show that the
model of the Dynes superconductors is fully consistent with
known exact results, and we present explicit formulas for the
momentum distribution functions [10] within the Eliashberg
theory. Finally, in Sec. IV we present our conclusions.

II. THE MODEL USED BY KONDO ET AL.

Following previous theoretical suggestions [11,12], the
authors of Ref. [8] fit their high-resolution ARPES data in
the nodal region of optimally doped and overdoped Bi2212
samples to spectral functions derived from the phenomeno-
logical self-energy,

K2

Y(k,w)=—il _
(k) 1+w+sk+iF0

ey

and they interpret the scattering rates I'j and 'y as the
single-particle and pair scattering rates, respectively. We will
comment on these identifications later.

In order to demonstrate the physical meaning of the
phenomenological self-energy Eq. (1), let us first note that
it implies that the electron Green’s function in the supercon-
ducting state can be written in the form

(@+iy)+(ex+iy)

Gk,w) = —.
(@+iy)? —(ex +iy)?:—A

(@)

where we have introduced y = (I'p +I'1)/2 and y' = ([ —
I'1)/2. According to Ref. [8], throughout the superconducting
phase, y’ < 0. With increasing temperature, |y’| decreases,
and it vanishes at the critical temperature.

The main observation of this section is that Eq. (2) should
form the upper left component of the general 2 x 2 Nambu-

©2017 American Physical Society
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Gor’kov Green’s function for a superconductor,
wZ(K,w)1o + [ek + x (K, 0)]73 + (K, 0)7T]
[0Z(k,)]? — [ex + x(k,w)]* — p(k,w)®

where 7;’s are the Pauli matrices, Z(Kk,w) is the wave-function
renormalization, and ¢(K,w) is the anomalous self-energy. The
function x(k,w) describes the renormalization of the single-
particle spectrum, and it vanishes in a particle-hole symmetric
theory; that is why it usually is neglected. For the sake of
completeness, let us mention that the matrix 7, does not enter
Eq. (3) because we work in a gauge with a real order parameter.

Since in the high-frequency limit the functions yx, ¢, and
w(Z — 1) should stay at most constant, Eq. (2) in this limit
can uniquely be interpreted in terms of the general expression
Eq. (3) with

Z)=1+iy/o, x@ =iy, ¢@=A4, &

where we have chosen a real anomalous self-energy ¢.
One readily checks that Eq. (4) reproduces Eq. (2) for all
frequencies. The finite value of x is unusual but seems to be
attractive since the cuprates being doped Mott insulators might
be expected to break the particle-hole symmetry. Note also that
all three functions Z, yx, and ¢ do not depend on k, which is
the standard behavior.

It is well known that the 2 x 2 formalism leads to a
redundant description and therefore the Green’s function has
to satisfy additional constraints. These constraints are most
clearly visible in the Matsubara formalism, therefore let us
reformulate Eq. (3) on the imaginary axis, allowing explicitly
only for frequency-dependent functions Z, = Z(iw,), x, =
X(iwn)5 and O = ¢(iwn)a
iwnZnTO + (gk + Xn)f3 + ¢nfl

((l)nZn)2 + (ex + Xn)2 + ¢,%

Due to the redundancy of the 2 x 2 formalism, singlet
superconductors have to exhibit the following symmetry:

Guk,w,) = =Gk, —wy). (6)

Note that the functions Eq. (4) read as Z, =1 +iy/|w,l,
¥n =iy, and ¢, = A on the imaginary axis. It is easy to
see that when these expressions are plugged into Eq. (5), the
Green’s function does satisfy Eq. (6).

An additional attractive feature of the phenomenology
Eq. (4) is that it leads (also for finite values of y’) to the
Dynes formula for the tunneling density of states,

w+iy ]
VR
in agreement with the experimental findings of Ref. [5]. The
square root has to be taken so that its imaginary part is
positive and we keep this convention throughout this paper.
In Eq. (7) Ny denotes the normal-state density of states. Note
that, although the particle-hole symmetry is broken due to
x # 0, N(w) is an even function of w.

The broken particle-hole symmetry is clearly visible al-
ready in the normal state with A = 0 in which case,

1
a)—|—sk—|—iF0'
3)

Gk,w) =

€)

Gk,w,) = — o)

M@:%m[ (N

Guk,w) = Guk,w) =

a)—sk—i—il"l’
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These results show that Iy and I'; should not be interpreted
as pair and single-particle scattering rates as has been done in
Ref. [8] but rather as the scattering rates for the holes and for
the electrons, respectively.

Unfortunately, Eqgs. (8) turn out to be mutually inconsistent
but in a quite subtle way. In order to show this, let us introduce
the spectral functions A;;(k,w) with i = 1,2, corresponding
to the Green’s functions G;;(k,w). Applying standard proce-
dures, the following exact sum rules can be established:

*° dw T
[_Oo WAll(kaw) = <Ck¢Ck¢) =1—ng,

0 dw
— (ot —
[_OO W—_wﬂAzz(k,w) = (CLk C—k)) =Nk
But in a singlet superconductor we have nyxy = n_g, and
therefore the following exact relation should hold:

*© d
/_OO 1+—ea_)w/T[A11(k,w) + An(k,w)] = 1. )

Making use of Egs. (8) at T = 0, the integrals on the left-hand
side can be taken easily, and the results are

o 1 1 Ek
dw Ay (k,w) = - + —arctan | — |,
0 2 T r

1

© 1 1 Ek
dw Ap(K,w) = — — —arctan [ — ).
0 2 T I'

0

It can readily be seen that, if 'y # I'j, the sum rule (9) is
violated by these results.

One might have the impression that the particle-hole
asymmetry which causes the sum rule violation is an artifact
of our generalization of the Green’s function (2) to the matrix
form (3). That this is not the case can be seen by plotting the
spectral function directly for Eq. (2), see Fig. 1, which clearly
shows that the electronlike and holelike branches exhibit
different scattering rates.

We conclude that the phenomenology (4) is internally
consistent only if I'o = 'y = y in which case y’ = 0. But
then the Green’s function (3) has a simple two-pole structure

“10 -5 0 5 10
w/A

FIG. 1. Spectral function A;;(k,w) of an electron inside the Fermi
sea according to the model (2). The widths of the electronlike branch
at w &~ —Ey and of the holelike branch at w ~ Ey, where Ey is the
quasiparticle energy Eq. (10), essentially are determined by I'y and
Iy, respectively.
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with poles at o = £Eg — iy where

Ex =& +2h,

implying that the spectral function is a sum of two Lorentzians.
However, the authors of Ref. [8] stress that the experimentally
observed line shapes are asymmetric. This means then that
the phenomenology (4) is not applicable to the nodal spectral
functions of the cuprates.

(10)

III. DYNES SUPERCONDUCTORS

Very recently, a consistent two-lifetime phenomenology
for superconductors has been derived within the coherent
potential approximation assuming a Lorentzian distribution
of pair-breaking fields and an arbitrary distribution of pair-
conserving disorder [9]. If we denote the pair-breaking and
pair-conserving scattering rates as I" and Iy, respectively, then
the result of Ref. [9] for the Nambu-Gor’kov Green’s function
of the disordered superconductor can be written as

(1 + ZFS/Q)[((U + iF)‘L’Q + Afl] + &3

Glkw) = (Q+ily)? — sﬁ - (b
where
Qw) = V(w+ilN? — A2, (12)

Some useful properties of the function Q2(w) are described
in Appendix A. The tunneling density of states implied by
the Green’s function Eq. (11) is described by the Dynes
formula Eq. (7) with y = I, and that is why superconductors
described by Eq. (11) have been called Dynes superconductors
in Ref. [9]. In this paper we will keep this term.

It is worth pointing out that, in the absence of pair-breaking
processes, Eq. (11) reproduces the textbook results for pair-
conserving scattering, see, e.g., Refs. [2,4]. On the other hand,
in the opposite limit I'y = 0 when only pair-breaking processes
are present, Eq. (11) coincides with the phenomenology (4) in
the physically consistent case with I'g = I'y = I'. Moreover,
in the normal state with A = 0 the Green’s function Eq. (11)
becomes diagonal, and its matrix elements are

1

Guk,w) = Guk,w) =

PHYSICAL REVIEW B 95, 094514 (2017)

where I';, = I' 4 T’y is the total scattering rate, which involves
both pair-breaking as well as pair-conserving scattering pro-
cesses. Note that Eq. (13) does not exhibit the pathologies
implied by Eq. (8).

One checks readily that the Green’s function Eq. (11) is
analytic in the upper half-plane of complex frequencies as
required by causality and that G(k,w) « 7p/w for |w| — oo.
In Appendix B, we present an explicit proof that Eq. (11)
satisfies the well-known sum rules for the zero-order moments
of the electron spectral function, in particular, also the sum rule
Eq. (9). Moreover, in Appendix D, we prove that the electron
and hole spectral functions are positive definite as required by
general considerations.

In view of these observations, we believe that Eq. (11) rep-
resents the simplest internally consistent Green’s function for a
superconductor with simultaneously present pair-breaking and
pair-conserving scattering processes. This generic BCS-like
Green’s function is parametrized by three energy scales:
scattering rates I' and Ty as well as by the gap parameter A.
In what follows we present a detailed analysis of its spectral
properties.

Spectral functions of the Dynes superconductor for an
electron with momentum k fixed to lie inside the Fermi
sea are shown in Fig. 2. The BCS quasiparticle peaks at
w ~ +FEy are seen to be broadened by the total scattering
rate I',,, irrespective of the ratio between pair-breaking and
pair-conserving scattering processes. The relative importance
of the two types of processes becomes important only in the
vicinity of the chemical potential. For I' = 0 a full spectral
gap appears for |w| < A, in agreement with the Anderson
theorem, and additional peaks appear in the spectral function at
= £A. After switching on a finite pair-breaking rate I" # 0,
the spectral gap starts to fill in, and at the same time, the peaks
at = £A get smeared away. Finally, when I' = I, and the
pair-conserving processes disappear completely, the spectral
function is given by a sum of two Lorentzians centered at
w = ﬂ:Ek

Spectral functions for an electron directly at the Fermi
surface g = 0 are somewhat different, and they are shown in
Fig. 3. The difference is caused by the fact that the quasiparticle
energies £ Ey in this case coincide with +A. Therefore only
two peaks are present in the spectral function, in contrast to

w—ex+il,’ w+ex+il,’ the general case with four peaks. However, the rest of the
(13) phenomenology can simply be related to the case of gk # 0:
rh=A {f r=28

e 2r/A |

w/A

w/A

1 3 5 -5 -3 -1 1 3 5
w/A

FIG. 2. Spectral functions A;;(k,w) of the Dynes superconductor for an electron inside the Fermi sea with &, = —3A. The total scattering
rate I', = I' 4 Iy increases from the left to the right panel. The curves in each panel differ by the strength of the pair-breaking scattering rate

", whereas I',, is kept fixed. The color coding is the same in all panels.
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0.8 =412 ’! I =A I, =28
_ 0.6} “ “
3 |
= 0.4} | ‘
<
0.2' [ //V\K 4F
0.0 -5 -3 -1 1 3 5 -5 -3 1 3 5 -5 -3 -1
w/A w/A w/A

FIG. 3. Spectral functions A;;(k,w) of the Dynes superconductor for an electron directly at the Fermi surface ¢, = 0. The total scattering
rate I', = I' 4 Iy increases from the left to the right panel. The curves in each panel differ by the strength of the pair-breaking scattering rate

I', whereas I',, is kept fixed. The color coding is the same in all panels.

The high-energy form of the spectral functions is controlled
exclusively by the total scattering rate I',,, whereas finite pair
breaking fills in the spectral gap and smears the peaks at
o =%A.

In Appendix C we complement the discussion of elec-
tron spectral functions by studying the so-called momentum
distribution functions [10]. In addition to presenting explicit
formulas valid for any Eliashberg-type superconductor with
only frequency-dependent functions Z(w) and ¢(w), we also
show that, by making use of the momentum distribution
functions, one can determine the total scattering rate I',, of
a Dynes superconductor in an alternative way.

In Fig. 4 we demonstrate that Eq. (11) can fit the
experimentally observed symmetrized spectral functions in
the nodal region of the cuprates with at least comparable
quality as Eq. (1). The number of fitting parameters is the same
for both fits: two scattering rates, the gap A, and the energy
scale A which determines the phenomenological background
|w|/AZ%. This type of background description has been used
in all fits presented in Ref. [8]. We have determined the
fitting parameters by the standard least-squares technique in
the interval from —100 to 100 meV: their values are A = 25,
' =37,y = 16,and A = 103 meV for the fitusing Eq. (11).

FIG. 4. Experimentally observed low-temperature symmetrized
spectral functions at the Fermi level reported in Ref. [8] for optimally
doped Bi2212 at angle ¢ = 24°. Also shown are least-squares fits in
the region from —100 to +100 meV around the Fermi level which
make use of Eq. (11) (red solid line) and of Eq. (1) (blue dashed line).
The values of the fitting parameters are shown in the main text.

On the other hand, we have found A =27, Ty =0, ', = 12,
and A = 87 meV for the fit using Eq. (1).

Both fits find roughly the same value of the gap A and of
the background parameter A, but the scattering rates turn out
to be quite different. In view of the latter observation it seems
to be worthwhile to repeat the analysis of Ref. [8] but with the
ansatz Eq. (11) for the electron Green’s function. It remains
to be seen whether this type of analysis can also be applied at
temperatures above 7, and what is the resulting temperature
dependence of the scattering rates I" and [;.

The small value of the pair-breaking rate I" with respect to
the large pair-conserving rate I'y implied by Fig. 4 is consistent
with the observation that the concept of the tomographic
density of states is useful in the analysis of the ARPES
data [5,13]. Since in an anisotropic superconductor large-angle
scattering is pair breaking, the smallness of I" implies that the
dominant scattering processes (at least in the nodal region and
at low temperatures) have to be of the forward-scattering type.

The importance of forward-scattering processes in the nodal
region has also been confirmed recently by an analysis of the
momentum distribution curves [14]. As for the microscopic
origin of the forward scattering, it has been argued that it can
be caused by elastic scattering on disorder located outside
the CuO, planes [15]. Other explanations include scattering
on (quasi-) static long-range fluctuations, perhaps due to
competing order, or scattering on low-energy long-wavelength
emergent gauge fields [16]. These different scenarios can
be distinguished by different dependences on temperature
and/or Fermi-surface location, and further experimental work
is needed to discriminate between them.

IV. CONCLUSIONS

To summarize, we have shown that the phenomenological
self-energy Eq. (1), which has been proposed theoretically in
Refs. [11,12] and applied recently in Ref. [8], is internally
consistent only in the case when 'y = I'y; in this case the
electron spectral function in the superconducting state is a
sum of two Lorentzians.

The simplest consistent genuine two-lifetime Green’s
function of a superconductor is given by Eq. (11). This
model depends on two scattering rates: the pair-breaking
scattering rate I" and the pair-conserving scattering rate I'.
The Green’s function Eq. (11) implies that the density of states
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is described by the Dynes formula Eq. (7) with y = I" and the
electron spectral functions exhibit more structure than might
be expected naively, see Figs. 2 and 3.

The Green’s function Eq. (11) is analytic in the upper
half-plane, it has the correct large-frequency asymptotics, its
diagonal spectral functions are positive definite, and it satisfies
the exact sum rules Egs. (9) and (B3). Moreover, in the
three limiting cases of ' =0, I'y =0, or A =0, it reduces
to the well-known results. Therefore, although Eq. (11) has
originally been derived only for a special distribution of pair-
breaking fields within the coherent potential approximation,
we believe that it represents a generic two-lifetime Green’s
function of a superconductor.

Our results provide a (in principle) straightforward recipe
for extracting the scattering rates I' and I', = I" + I’y from
experimental data: The pair-breaking scattering rate I' is
best determined from the tunneling (or, in anisotropic su-
perconductors, tomographic [5]) density of states, whereas
the total scattering rate I',, may be extracted from the widths
of the quasiparticle peaks in spectral functions, see Fig. 2.
Alternatively, as shown in Appendix C, the scattering rate
I', can be determined from the width of the momentum
distribution functions, and it enters the analysis of optical
conductivity [17].

Obviously, the description of superconductors making use
of Eq. (11) can be quantitatively correct only at energies
smaller than the typical boson energies of the studied system.
At higher energies, application of a full-fledged Eliashberg-
type theory [2]—but extended so as to allow for processes
leading to Eq. (11) at low energies—is unavoidable. For
completeness, in Appendix C we have described a procedure
which, starting from the assumption of only frequency-
dependent Eliashberg functions Z(w) and A(w), allows for
their complete determination from ARPES data by combining
two approaches: the momentum distribution technique and the
tomographic density of states.

Finally, in Fig. 4 we have demonstrated that the low-
temperature ARPES data in the nodal region of the cuprates
can be fitted well using Eq. (11). Our results confirm previous
claims about the importance of forward-scattering processes
in this region, but identification of their physical origin will
require further detailed angle- and temperature-dependent
studies.
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APPENDIX A: PROPERTIES OF THE FUNCTION £(®)

Let us decompose the function Q2(w) defined by Eq. (12)
into its real and imaginary parts Q = ) 4 i£2;. One finds
readily that 2 » should satisfy the relations,

QW =o0l, QI —QI=1% (AD)

PHYSICAL REVIEW B 95, 094514 (2017)

— . :
where V2 = w? — A" — I'2. Our sign convention leads then to
the following explicit expressions for £2; :

Qi(w) = sgn(w)\/[ v+ 4022 +02]/2,

() = \/ V4 + 402T2 — 12]/2.

Note that Q;(w) is an odd function of w, whereas Q,(w) is
positive definite and even. A straightforward calculation shows
that for w > 0 the following inequalities are valid:

Q <o, H>T. (A2)

These inequalities will be used in Appendix D.

It is worth pointing out that the function 2;(w) charac-
terizing the Dynes superconductor is in principle directly
measurable in low-temperature tunneling experiments. In fact,
it is well known that in such experiments the derivative of
the current-voltage characteristics d1/dV is proportional to
the tunneling density of states N(w) with w = eV. But since
N(w) x d2;/dw, the function ;(w) is proportional to the
measured function I = I(V).

APPENDIX B: SUM RULES FOR THE DYNES
SUPERCONDUCTORS

In this appendix we prove that Eq. (11) satisfies the sum
rules for the zero-order moments of the electron spectral
function. To this end, let us introduce an auxiliary complex
function F(w) of the real frequency w,

F(w) = &f — [Q(w) + il

Note that the function F(w) also depends on the momentum
k but for the sake of simplicity this dependence will not be
displayed explicitly.

Let us furthermore define the function,

H(w) =1In F(w) =In|F(w)| + ip(w).

In the second equality we have represented the complex
function F(w) = |F(w)|exp{ig(w)} in terms of its amplitude
| F(w)| and phase ¢(w) constrained to the interval (—m,7). A
plot of the real and imaginary parts of the function H(w) is

&=0,I=0.18,[=A

—92t |~ hFyA’| o

7 p(w)

-4 -2 0 2 4

FIG. 5. Real and imaginary parts of the function H(w).
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shown in Fig. 5. Note that the phase ¢(w) is an odd function
of frequency and its asymptotic values are ¢(+o00) = Fr.

Making use of the function H(w), the Nambu-Gor’kov
Green’s function (11) can be written in the following elegant
form:

Gk.w) 1[0H oH oH B1)
W)= | —Tp0— —=T71 — — T3 |.
2000 ° A 0g

From here follows the following explicit expression for
the Nambu-Gor’kov spectral function, defined as usual by
Ak,w) = - 'Im G(k,w):

N 1
A(k,a)) = —[—2—2104- g—%‘[l + 887(’;1'3}. (B2)
Equation (B2) forms the starting point of our discussion of the
sum rules.
Using the oddness of the function ¢(w) and of its asymptotic
values, one finds readily that Eq. (B2) implies the matrix
equation,

oo
/ dw A(k,0) = 1, (B3)
—00
in perfect agreement with the well-known exact sum rule for
the zero-order moment of the spectral function.

Next we prove that Eq. (B2) satisfies the exact sum rule
Eq. (9). Since Tr Ak,w) = -3¢ /dw, we have to prove

that
o do 3¢
/,OO 1+ eT do -
By calculating the integral on the left-hand side by parts, our
task reduces to proving the equality,

e dw

f ————————¢(w) = 0.
—o00 4T cosh“(w/2T)

But since ¢(w) is odd, this last equality is trivially satisfied.
Thus we have proven that the Dynes superconductors satisfy
Eq. 9).

For the sake of completeness, let us note that the full matrix
form of the sum rule Eq. (9) reads

0 dw A 1—nx by
/700 1o o=arT +e_w/TA(k,w) = < by )’ (B4)

where ng =nygy =n_y, by = {ckye_xy) = (Cimcltﬁ’ and
the thermodynamic expectation values ng and bx are given

by
1 /Oo dw 0¢ 1)
ng=—- — — — tanh —,
2 o 2m deg 2T
®dw d¢ 10)
by = — —tanh —.
0 27'[ aA 2T

It should be pointed out that sum rules for higher-order
moments of the spectral function which generalize Eqs. (B3)
and (B4) can also be derived but their right-hand sides depend
on the Hamiltonian of the problem. Such sum rules therefore
do not provide useful checks of the phenomenological Green’s
function Eq. (11).
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FIG. 6. Functions @(w), 7(®), (), and T'(w) for a Dynes
superconductor.

APPENDIX C: MOMENTUM DISTRIBUTION FUNCTIONS
IN THE ELIASHBERG THEORY

We have already noted that, within the Eliashberg theory,
the functions Z(w) and ¢(w) usually depend only on frequency
o and are independent of the momentum k. Quite some
time ago, it has been pointed out that in such cases it
is useful to study the spectral function A;;(k,w) for fixed
frequency w as a function of the bare electron energy &g, the
so-called momentum distribution function [10]. To simplify
the formulas, in this appendix we will replace A;;(k,w) by
A(e,w).

Instead of the two complex functions Z(w) and ¢(w), let
us introduce the following four real functions of frequency
o(w), Y(w), Qw), and I'(w):

wZ =w+iy,
VZ)? —¢2 = Q +iT. (C1)

To illustrate their symmetries and typical form, in Fig. 6 we
plot the functions @(w), ¥ (w), 2(w), and ['(w) for a Dynes
superconductor.

After a tedious but straightforward calculation, the spectral
function of a general Eliashberg superconductor can be written
as

i . -
Ale.w) = 5[% n I]SF(E —o+ 5[% — 1:|3F(8 + )

1[5 7}4;752

T3 iy

Q T

Sp(e — r(e + Q), (C2)
where we have introduced the notation,

1 T

=T
for a Lorentzian with width T. According to Eq. (C2), the
spectral function A(e,w) when viewed as a function of energy
¢ at fixed frequency w consists of three terms. The first two
terms are Lorentzians, whereas the third term is a product of
two Lorentzians.

When the measured momentum distribution functions are
fitted by Eq. (C2), Q can be determined from the positions
of the Lorentzians, and I' is given by their widths. Finally,
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from the relative weights of the three terms in Eq. (C2),
one can determine the ratios /I’ _and @/Q2. With all four
functions @(w), ¥ (w), Q(w), and I'(w) known, one obtains
full information about the superconducting state. This idea has
been used in an impressive set of recent papers, see Ref. [18]
and references therein.

One should note, hngever, ~that in order to determine all
four parameters @, ¥, €2, and T, it is necessary to resolve all
three terms in Eq. (C2) together with their relative weights.
But at sufficiently large frequencies, we should expect that
T« |Q| see Fig. 6. In this case the following approximate
equality is valid:

47r 92

op(e — 9)61-(8 + Q) ~ op(e — Q) + 6p(e + Q)

which means that the product of two Lorentzians cannot
be distinguished from their sum. Inserting this equality into
Eq. (C2), one finds readily that the spectral function A(e,w) is
given by a sum of only two Lorentzians,

1[o ~ 1w ~
A(e,w) = 5[5 + l]SF(E - Q)+ 5[6 — l]SF(S + Q).

But if this is the case, then from fits to thengmentum
distribution function, one can determine only €2, I', and @
but not y. In other words, we do not have access to the pairing
function ¢*(w) = (& + iY)* — (Q+iT)? in this frequency
limit.

There is yet another reason why fits to the momentum distri-
bution function can provide reliable estimates of the Eliashberg
parameters only for || < A: Namely, this technique requires
that both ratios 7/T" and &/$2 are sufficiently different from 1
so that the weights of the second and third terms in Eq. (C2)
can be determined precisely. But Fig. 6 clearly shows that this
criterion is satisfied only for |w| < A.

Does this mean that the Eliashberg problem of finding the
functions Z(w) and A(w) cannot be solved in the frequency
range of A < |w|? The answer is no: It has been pointed
out recently [18,19] that, by applying the powerful inversion
technique developed in Ref. [20], it is possible to extract the
complex gap function A(w) = ¢(w)/Z(w) from the measured
tomographic density of states. When this knowledge is
combined with the momentum distribution technique—which
allows for a relatively straightforward determination of € and
T in the limit A < |w| with one Lorentzian only—making use
of the expression,

Q+il
JVo? — A%(w)

one also can determine the second Eliashberg function Z(w),
thereby solving the Eliashberg problem [18].

Finally, let us note that the momentum distribution func-
tions can also be useful in the special case of the Dynes
superconductors described by Eq. (11). In fact, since in the
frequency range of A < |w| the width of the observable
Lorentzian in the momentum distribution function of a Dynes
superconductor is I' &~ T, this gives us an independent
procedure for measuring the total scattering rate I',, = I" + T'.

Z(w) =

PHYSICAL REVIEW B 95, 094514 (2017)

APPENDIX D: PROOF OF THE INEQUALITIES
A;i(k,») > 0 FOR THE DYNES SUPERCONDUCTORS

In this appendix we will prove that the diagonal spectral
functions A;;(k,w) of the Dynes superconductors are positive
definite as required by general considerations.

To this end, let us first note that the diagonal components
of the Nambu-Gor’kov Green’s function within the Eliashberg
theory read as

L~l) —+ 1)7 + £k
G,‘i(k,(x)) = ﬁ
(Q+il)* — g
Since A;;(k,w) = — ~'Tm G;;(K,w), from here it follows that
the requirement A;;(k,w) > 0 is equivalent to

2QT @ — P2 —T2) > —yel 20T ¢,

which has to hold for all g¢’s and w’s. Maximizing the
expression on the right-hand side with respect to e, this
requirement can be rewritten as

72 . 29T L
72+f2 72+f2 =

which has to be valid for all frequencies w. Since the first term
on the left-hand side is obviously positive, it follows that it is

sufficient to show that:
Ly
> (ﬁ + 2)
2\l vy

In order to prove this latter inequality, we will prove the
following two simpler inequalities:

0 N

> (D1)

FOI BN
=]

> X
I

FON RSN

In view of the symmetries illustrated by Fig. 6, one checks
easily that it is sufficient to prove that these inequalities hold
for w > 0.

So far, our discussion was valid for any Eliashberg super-
conductor. Now we specialize for the Dynes superconductors.
Making use of Egs. (C1) and (11) one finds easily that in this
case the quantities @, 2, I, and ¥ can be written in terms of
the functions €2; and €2, introduced in Appendix A as

Q=q,

F:QQ—'—F_S‘?

~ +1_,w$22—f'521
O=w _—

Y24l

~ @2 + T2
=I'+ly—
4 T

Let us note in passing that these expressions justify the results
plotted in Fig. 6.

Next we plug the expressions for @, Q, T, and y into
Egs. (D1). If one makes use of the equalities Egs. (A1) and of
the inequalities Egs. (A2), after some straightforward algebra
one can check that the inequalities Eqs. (D1) are satisfied. This
completes the proof that, for the Dynes superconductors, the
inequalities A;; (K,w) > 0 are valid.
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Elektromagnetické vlastnosti

Dynesovych supravodicov

Motivovani vysledkami v prvej a druhej ¢asti tohto dokumentu sa dostavame k jeho dalse;
kapitole, a sice k dvojcasticovym vlastnostiam Dynesovych supravodicov. Vzhladom na
to, ze sa jedna o technicky najzlozitejSiu cast, ambiciu prezentovat technické detaily
opat presunieme do ¢lanku [H3], resp. do dodatkov k dizertaénej praci a budeme sa

venovat len vysledkom.

Najdolezitejsi vysledok tejto casti tvori vztah pre vodivost, pri ktorom vyuzivame
formalizmus pévodne zavedeny v [18], mierne upraveny vyuzitim [19]. Pripomenme, ze
spominany vypocet stoji na Kubovej formule odvodenej v ramci tedrie linedrnej odozvy
v dodatku B. Nasledne sa v ramci formalizmu Feynmanovych diagramov ukéze, ze
pre vypocet vodivosti treba spocitat tzv. bublinovy diagram [21]. Tomuto vypoctu je

venovany dodatok F.

Zdoraznime, ze spominany vysledok uvedeny v ¢lanku [H3] mé vSetky limity v stlade
s oCakavaniami a naviac je vyjadreny v podobe numericky riesitelného integralu pre
akékolvek hodnoty parametrov A, T, a T'y. Ukaze sa, ze vysledny vztah sa da vyjadrit

v tvare!!:
o(w) = 1D0(w) + Tpeg(w), (25)

kde prvy ¢len vyjadruje singularny prispevok kondenzatu k frekvencne zéavislej vodivosti.

Jeho tvar sa d& vyjadrit pomocou pomocnych veli¢in:

Napriklad pre podiel ¢astic tvoriacich supravodivy kondenzéat dostavame vysledok:

D n = x 2(x
2o dxtanh(—)Re ) (27)
Dy n 2T e(x)
0
1 Je nutné povedat, Ze v celom vypocte je zanedbany vplyv vertexovych korekeii. Toto pribliZenie sa
vSak da zdovodnit pomocou volby kalibracie a bodovym charakterom rozptylovych centier.

36



kde Dy = ne?/m a n oznacuje koncentraciu elektrénov v normalnom stave. V ¢lanku
[H3] ukazujeme, ze v pripade T' = 0 sa integral v (27) da pre Dynesov supravodic¢

vyjadrit analyticky.

Prejdime ku kratkej analyze hlavnych vysledkov druhej, regularnej casti (28). Jej
vysledny tvar zapiSeme kvoli priamociarej interpretécii redlnej casti o'(w) len v tzv.

spinavej limite (kde ak skiimame pripad I's > w, plati e(w) =~ il',):

Oreg(@) = 0 [ de[f(@) = f(o +@)] (W@ (2 + ) + 9 @) (2 + w)).
Ohglw) = =2 [ de[t = 2f( +w)) (1" (@) (0 + ) + @ (@ + ), (29)

kde oy zodpoveda vodivosti v norméalnom stave. VSimnime si, zZe v tomto baleni moze
byt o,.,(w) interpretovand ako sicet prispevkov od normélnej hustoty stavov n(x)
a anomalnej hustoty stavov p(x). Oba prispevky absorbuju elektromagnetické pole
excitovanim z obsadenych do neobsadenych stavov, podobne ako v polovodi¢ovom

modeli.

Pre ilustraciu pripajame obr. 15, ktory zodpoveda vypoctu vodivosti v pripade T'= 0
a I, = bA, ktory nezodpoveda ani Cistej, ani Spinavej limite. Poznamenajme, Ze
napriek tomu, Ze pre samotny vypocet treba pouzit vseobecné formuly uvedené v [H3],

je analdgia s polovodi¢ovym modelom stale zretelna.

4 : :-, : , : 1.0
= Nanderson (W/No} i

3r— Npynes (W)/Ny

= o'y (w)/o,
— O'Dynes(W)/Tg

! - O'Andcrson(w)/o()

I n i L 0 I I I
(—)3 -2 -1 0 1 2 3 8.0 0.2 04 0.6 0.8 1.0
w/z w/2rn

Obr. 15: Porovnanie kovového vodi¢a, Andersonovho (I' = 0) a Dynesovho (I' = 0.02T,,)
supravodic¢a pri T = 0. Kon$tanta rozptylu v normalnom stave je: I', = 5A vo vSetkych
uvazovanych pripadoch. V Tavom paneli sti znazornené hustoty stavov pre Andersonov
resp. Dynesov supravodi¢, normalizované na konstantni hustotu stavov v normalnom
stave Ng. Farebne tienované plochy oznacuju obsadené stavy. V pravom paneli si zna-
zornené realne casti vodivosti kovového vodic¢a, Andersonovho a Dynesovho supravodica.
Farebne tienované plochy znazornuji vahu, ktora sa kvéli zachovaniu sumac¢ného pravidla
priradi singularnej casti vodivosti. Tento prispevok je znadzorneny na frekvencii w = 0.

Prvy krat sa formuly v tvare (28) objavili vo fenomenologickej, uhadnutej podobe v [17].

V nasom ¢lanku [H3] ich vSak ziskavame ako limitny pripad vodivosti v rdmci tedrie
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linedrnej odozvy [18, 20, 21]. Naviac, nas vSeobecny vztah pre optickd vodivost, prezen-
tovany v ¢lanku [H3|, zahina pripady aj mimo Spinavej limity a je preto univerzalnejsi
ako vztah (28).

Na obr. 16 prezentujeme teplotni zavislost optickej vodivosti pre Dynesov supravodi¢ v
pripadoch so zvySujicim sa pomerom I'/T,, charakterizujticim rastiici vplyv necistot
vedicich k NP rozptylom. VsSimnime si, ze rastuci vplyv rozptylovej konstanty I' sa
prejavuje v zapliiani spektroskopickej oblasti 0 < w < 2A podobne, ako sa prejavuje
vplyv rasticej teploty. Zaroven mézeme so zvysujucou hodnotou I' pozorovat pokles

zlomku koncentracie elektrénov v supravodivom kondenzate ng/n.
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Obr. 16: Frekvenéna zavislost redlnej a imaginarnej &éasti vodivosti pre Dynesov
supravodi¢ s fixovanou konstantou rozptylu v normalnom stave I';, = 5A a meniacou
sa NP rozptylovou konstantou I'. Zavislosti A(T) boli pre rézne hodnoty I'/T',, ziskané
z vypoctov popisanych v [H1] a ich priebehy st znizornené v insetoch. VsSimnime si,
Ze hodnoty pre wo”(w) v limite w — 0 prezradzaji priamo hodnotu zlomku supravodivej
Casti kondenzatu ng/n.

Kedze formuly v [H3] mézu byt pouzité aj mimo Spinavej limity, na obr. 17 prezentu-
jeme aj vysledok v pripade mensej hodnoty rozptylovej konstanty v normalnom stave

I, = 0.5A. Pri porovnani redlnych ¢asti na obr. 16 a 17 vidime jasne posunuty offset,
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sposobeny mensou hodnotou I'),. Pri obrazkoch imaginarnej ¢asti vodivosti, zobrazenych
na obr. 17 mézeme jasne vidief preco sa imagindrnu ¢ast oplati kreslit ako wo”(w)/Dy.
V normalnom stave totiz plati lim, . wo) (w)/Dy = 1, ¢o sa samozrejme prejavi v
pripade w > A aj v supravodivom stave. Kedze vSak o” (w) obsahuje v supravodivom
stave aj Kramers-Kronigov obraz delta funkénej casti realnej vodivosti, bude platit
lim,, ,owo! (w)/Dy = konst. V pripade ¢istého supravodica navyse v pripade nulovej
teploty plati lim,,_,o wo”(w)/ Dy = ns/n = 1 a vplyv necistot sa prejavi prave v potlaceni
tejto konstanty (zodpovedajicej vahe delta funkénej ¢asti o’(w)). Porovnanim imag-
inarnych casti zobrazenych tymto spdsobom na obr. 16 a 17 vidime, ze v pripade kedy
uvazujeme mensi vplyv necistot je aj hodnota koncentracie elektrénov v supravodivom

kondenzate blizsia jednej.
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Obr. 17: Frekvenéna zavislost redlnej a imaginarnej &asti vodivosti pre Dynesov
supravodic s fixovanou konstantou rozptylu v normalnom stave I', = 0.5A a meniacou sa
NP rozptylovou konstantou I'. Ostatné vlastnosti uvedenych plotov st rovnaké ako na
obr. 16.
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Sucastou ¢lanku [H3] je taktiez analyza koncentracie elektrénov v supravodivom kon-
denzate pri nulovej teplote. Nakolko v spominanom ¢lanku sme nerozoberali teplotni

zavislost tejto veliciny, venujeme jej par slov v tejto casti dizertacnej prace.

Vysledok numerického vypocétu uvazujic dve rézne hodnoty rozptylovej konstanty v
normalnom stave je zobrazeny na obr. 18. Ako moézeme vidiet, teplotna zavislost

supravodivej casti koncentracie elektrénov je kvalitativne bez prekvapeni.
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Obr. 18: Teplotna zavislost koncentracie elektrénov v supravodivom kondenzate pre
rovnaké hodnoty rozptylovych konstant v normalnom stave, aké boli pouzité v pripade
obr. 16 a 17.

Nakoniec sa znova dostavame k suvisu nasich vysledkov pre optickd vodivost Dynesovho
supravodica s experimentom. Tentokrat prostrednictvom porovnania predpovede pre
vodivost supravodica obsahujiceho NP nedistoty v Spinavej limite vo forme (28) a
dat prezentovanych v [22] pre 15.1 nm hrubt vzorku molybdén nitridu MoN. Autori
spominaného ¢lanku sa snazia vysvetlit velkii mieru absorpcie meranej na tejto vzorke
aj pri nizkej teplote v intervale spektroskopicky zakazanych stavov pomocou kombinécie

Mattis-Bardeenovej tedrie [23] a paralelného, normélneho vodivostného kanélu.
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Obr. 19: Fity redlnej a imaginarnej Casti optickej vodivosti pouzitim (28), pre 15.1 nm
hrubiu vzorku MoN supravodiéa skiimaného v [22]. Pri teplote T = 2K, st fity trojpara-
metrické. Pri krivkach zodpovedajicich va¢sim teplotam pouZivame len jeden fitacny
parameter A(T).

40



N&s pokus o vysvetlenie tohto experimentu spoc¢iva na predpoklade prirodzenej pri-
tomnosti necistot sposobujicich NP rozptyly, podobne ako v ¢lankoch [3, 4, 5, 7, 8, 9].
Vysledné fity st zobrazené aj s kratkym vysvetlenim na obr. 19. Poznamenajme, Ze
pri teplote T' = 2K pracujeme v trojparametrickom priestore uvazujic: og, I' a Z(T )
ako fitacné parametre. V pripade vyssich teplot uz drzime og a I' fixované, v stlade s
ich teplotnou nezavislostou v ramci teérie Dynesovych supravodicov. Prostrednictvom
met6dy najmensich Stvorcov nasledne hladdme jediny volny parameter A(T) pre kazdi

teplotu. Najdené hodnoty A(T') st zobrazené na obr. 20.

1 1

0.8} - 10.8 Obr. 20: Hodnoty A(T) dosiah-
';‘ ’ A ° ’ ';' nuté fitovanim experimentalnych
o 0.6t ° 10.6 @ dat zobrazenych na obr. 19
& & prostrednictvom metédy naj-
— 0.4} ° 10.4 ':' mensich Stvorcov. Zobrazena
< 0 2! - - = - " T lo.2 je taktiez hodnota rozptylovej
. r +C : konstanty I', ktora bola urcena

0 . . . . . 0 pri najnizsej teplote: T =2K a

2 3 4 5 6 7 8 pri vyssich teplotach je v siilade s
tedriou Dynesovych supravodicov

T [K] fixovana na konstantnej hodnote.

V tplnom zavere tejto casti sa pozrieme na nase dalsie pokusy vyuzitia teoretického
modelu Dynesovho supravodica v pripade vodivosti pre rézne vzorky supravodic¢ov
obsahujuicich necistoty. Nakolko (podla nésho uvézenia) ziskané zavery z tejto Casti
predstavuju ciastkové vysledky, ktoré dotvaraji mozaiku Studovanej problematiky,

rozhodli sme sa ich zaradit do dizertacnej prace.

Oba pokusy sa tykaju vzorky znecisteného NbN supravodica. V prvom pripade nés

opét raz budi zaujimat tenké filmy tohoto materidlu, studované v [24].
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Obr. 21: Redlna cast optickej vodivosti v Spinavej limite, vypocéitanid pouZitim (28) v

limite nizkych teplot. Roézne farby zodpovedaji r6znym hodnotam NP rozptylovej kons-
tanty T
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Nasim hlavnym cielom bolo pozrief sa na to, ¢i sme schopni dosiahnut vysledky, ktoré st
systematicky vyssie (resp. dosahuji viaésiu hodnotu vodivosti) ako teoretickd predpoved
pochidzajica z Mattis-Bardeenovej tedrie a to aj pre w > 2A. Presne takéto spravanie
bolo totiz pozorované v [24]. Ako mozeme vidiet na obr. 21, uvdzenim dostatoc¢ne
vysokej hodnoty rozptylovej konstanty I' (zodpovedajicej NP rozptylovym procesom)
sme naozaj schopni tuto vlastnost dosiahnut. Problémom vsak je, ze vacsia hodnota I’
prirodzene prenésa spektroskopickti vahu aj do stavov s w < 2A (tzv. ingapové stavy).
Kedze predpovedana struktura vnitri supravodivo angazovanych stavov nezodpoveda
tej experimentélne zistenej v [24], musime tiito analyzu uzavriet s tvrdenim, ze NbN s

najvacsou pravdepodobnosfou nie je Dynesov supravodic.

Tomuto zaveru nasvedcéuje aj porovnanie experimentalych dat ziskanych na inej tenkej
vzorke NbN supravodica Studovanej tentokrat v praci [25]. Autori prace uvadzaju svoje
vysledky pre merania ako optickej, tak aj tunelovej vodivosti. Kedze v ramci tedrie
Dymnesovych supravodicov mame k dispozicii teoreticki predpoved pre oba z tychto
experimentov, je nasou prirodzenou tlohou spravit porovnanie. Vysledok takéhoto porov-
nania prezentujeme na obr. 22. Cervené krivky pritom zodpovedajt volbe parametrov,
ktoré dokazu kvalitativne popisat tunelovi vodivost, zatial ¢o zelené krivky vyuzivaja

parametre z fitov vodivosti.
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Obr. 22: Fit reilnej ¢asti optickej vodivosti pouzitim (28), pre vzorku NbN supravodica
skiimaného v [25]. V insete prezentujeme aj fit tunelovej vodivosti. VSetky parametre
st uvedené v jednotkdch meV. Poznamenajme, Ze autori v [25] uvddzaji z neznamych
d6évodov T, = 4.3K v pripade merania tunelovej vodivosti normovanej na normalny stav
G(w)/Go (meranej pri T = 0.15T,) a T. = 4.2K pri meraniach optickej vodivosti (meranej
pri T = 0.4T,). Ré6zne hodnoty parametrov mézu nasvedéovat tomu, Ze rézne merania
boli robené na r6znych vzorkach.

Ako mdzeme vidiet na obr. 22, v pripade tejto vzorky NbN supravodica nie sme schopni

s dostatocnou presnostou popisat oba z uvazovanych experimentov. Ukazuje sa totiz, ze
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sme schopni kvalitativne popisat bud hustotu stavov, alebo opticku vodivost, avSak nie
obe sicasne. Ak by sme tieto merania chapali ako merania na dvoch roéznych vzorkach
(Spekulativna tivaha vplyvu substratu na niektoré z merani povedzme), potom by popis
pomocou modelu Dynesovho supravodica bol schopny kvalitativne opisat hlavné obrysy

meranych vysledkov pre tunelovi a opticki vodivost sticasne.
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Electromagnetic properties of impure superconductors with pair-breaking processes

Frantisek Herman and Richard Hlubina
Department of Experimental Physics, Comenius University, Mlynskd Dolina F2, 842 48 Bratislava, Slovakia

Recently a generic model has been proposed for the single-particle properties of gapless super-
conductors with simultaneously present pair-conserving and pair-breaking impurity scattering (the
so-called Dynes superconductors). Here we calculate the optical conductivity of the Dynes super-
conductors. Our approach is applicable for all disorder strengths from the clean up to the dirty
limit and for all relative ratios of the two types of scattering, nevertheless the complexity of our
description is equivalent to that of the widely used Mattis-Bardeen theory. We identify two optical
fingerprints of the Dynes superconductors: (i) the presence of two absorption edges and (ii) a fi-
nite absorption at vanishing frequencies even at the lowest temperatures. We demonstrate that the
recent anomalous optical data on thin MoN films can be reasonably fitted by our theory.

PACS numbers: 74.25.Gz, 74.62.En

I. INTRODUCTION

In the limit of low temperatures and low excitation
energies, the single-particle properties as well as the two-
particle response functions of metals are governed by
elastic scattering on impurities. Provided that the ef-
fect of impurities can be described by classical fields,
the normal-state properties are largely independent of
the precise nature of those fields. However, once the
metal becomes superconducting, a sharp distinction can
be made between two types of impurity scattering: If
the impurity potential is time reversal-invariant, the cor-
responding scattering does not destroy the pairing, and
Anderson gave a very general argument that neither the
thermodynamic properties, nor the tunneling density of
states of the superconductor can change with respect
to the clean case.! On the other hand, Abrikosov and
Gor’kov have shown that, if the impurity potential does
not respect time-reversal symmetry, then the correspond-
ing scattering becomes pair breaking, thereby affecting
both, the thermodynamics and the tunneling density of
states of the superconductor.?

Surprisingly, experimentally it has been found that,
quite often, the tunneling density of states of dirty super-
conductors N (w) is described neither by the Anderson re-
sult, nor by the Abrikosov-Gor’kov theory, but rather by
the following simple phenomenological Dynes formula:3 3

N(w) = NoRe wril — |, (1)

(w+il)2 - A

where Ny is the normal-state density of states, A is the
ideal gap of the dirty superconductor, and I' describes
its filling by in-gap states. The square root in Eq. (1)
has to be taken so that its imaginary part is positive and
we keep this convention throughout this paper. The mi-
croscopic origin of the Dynes formula had been unclear
for a long time, but in a recent paper® we have shown
that the tunneling density of states described by Eq. (1)
is realized in systems with pair-breaking classical disor-
der, provided that the pair-breaking potentials have a

Lorentzian distribution with width I'; we did not need
to make any assumptions about the nature of the pair-
conserving disorder.

More importantly, we have also found that the full 2 x2
Nambu-Gor’kov Green’s function of a Dynes supercon-
ductor with density of states Eq. (1) can be described
by just three parameters: the ideal gap A and the pair-
conserving and pair-breaking scattering rates I's and T,
respectively. The final result for the Green’s function can
be written in the following elegant way”

A 1
Gllow) = 39 [ — elw)?] )
where @ = Toa% — 718% — Tg% and 7; are the Pauli
k

matrices. In Eq. (2) we have also introduced the function

e(w) = \/(w + D)2 — A 44T, (3)
Note that €(w) of a Dynes superconductor differs from its
value in a clean superconductor in a minimalistic way:
pair-conserving processes are taken into account by the
replacement e(w) — e(w) + il's, whereas pair-breaking
processes are described by the frequency shift w — w4+l
implicit in Eq. (1).

In Ref. 7 we have pointed out that the Green function
Eq. (2) is analytic in the upper half-plane and has the
correct large-frequency asymptotics; therefore it satisfies
the known exact sum rules. We have also proven that
the diagonal components of the corresponding spectral
function are positive-definite, as it should be. Moreover,
in the three limiting cases of either I' = 0, or 'y = 0,
or A =0, Eq. (2) reproduces the well-known results. In
particular, for A = 0 Eq. (1) describes a normal metal
with the total scattering rate

T,=T,+T. (4)

Therefore, although the Green function Eq. (2) has been
derived only for a special distribution of pair-breaking
fields within the coherent potential approximation, we
believe that it represents a generic Green function of the
Dynes superconductors.



In order to support this point of view, in Ref. 7 we have
compared the results of high-resolution angle resolved
photoemission spectroscopy to the Dynes phenomenol-
ogy, and we have found that Eq. (2) can fit the spectra of
the cuprates® with reasonable accuracy. This success has
motivated us to investigate also the two-particle proper-
ties of the Dynes superconductors, and in this paper we
will discuss the arguably most important of such proper-
ties, namely the optical conductivity o(w).

The specific problem which we will be interested in is
the following. In the normal state, the optical properties
are governed only by the total scattering rate I',,, but
in the superconducting state the partition of I'}, into its
components I's and I" must obviously be of crucial im-
portance, and different partitionings will lead to different
functions o(w). Our goal in this paper will be to describe
qualitative effects of such partitionings.

Electrodynamics of superconductors has been studied
since the early days of the BCS theory, starting with
the classic paper by Mattis and Bardeen which focused
on the dirty limit with no pair-breaking scatterings.® In
an important paper that appeared relatively soon there-
after, Nam has developed a Green’s function approach
to the problem,'® which stimulated many subsequent
works.!114 In a later publication, Nam himself used this
approach in studying the effect of pair-breaking processes
on o(w),'* but he worked within the Abrikosov-Gor’kov
theory which makes use of the Born approximation and
is not directly relevant to the Dynes superconductors.

Basically the same approach as in Ref. 11 has been
used in most of the published literature on the effects of
pair breaking. As an example let us mention the recent
combined tunneling and microwave study of TiN films:*?
the data has been analyzed similarly as in Ref. 11 and
the authors did find good agreement between theory and
experiment in the low-disorder limit where the Born ap-
proximation might be expected to work. However, at
the same time they have found strong discrepancy be-
tween the Abrikosov-Gor’kov theory and experiment in
the highly disordered films. Yet another recent paper,
technically equivalent to Ref. 11, is devoted to the study
of the influence of pair breaking on the London penetra-
tion depth.!®

It should be mentioned that two important recent
papers'®17 treat electrodynamics of superconductors
with magnetic impurities going beyond the Born ap-
proximation for magnetic scattering. Single-particle
properties in these papers are described on the level
of the Marchetti-Simons generalization of the Usadel
equations,'® which reproduces Shiba’s T-matrix result
for the density of states.!? Unfortunately, although scat-
tering on a single magnetic impurity is treated exactly
within this approach, Refs. 16,17 can not be quantita-
tively correct in case of dense magnetic impurities, since
they do not take multiple scattering on different impuri-
ties into account. This means then that Refs. 16,17 are
applicable only to superconductors with not too large
density of magnetic impurities, and therefore they can

not describe electrodynamics of the Dynes superconduc-
tors with a dense and broad distribution of pair-breaking
fields.6

To the best of our knowledge, the Dynes phenomenol-
ogy has been taken seriously only in the very recent pa-
per Ref. 14, where Nam’s dirty-limit formula for o(w) was
evaluated assuming that the tunneling density of states is
given by Eq. (1). However, since neither the gap function
A(w), nor the full Green’s function of a Dynes supercon-
ductor were known at that time, the authors of Ref. 14
could only speculate about the correct formula for o(w)
in the dirty limit. Moreover, it was unclear how to ob-
tain results for the Dynes superconductors away from the
dirty limit. Both of these points will be addressed in this
paper.

The outline of this paper is as follows. In Section 2 we
briefly summarize Nam’s results for the optical conduc-
tivity of a general Eliashberg superconductor, making use
of a slightly modified notation with respect to the origi-
nal paper Ref. 10. In Section 3 we apply Nam’s analysis
to the case of the Dynes superconductors described by
Eq. (2). Our presentation concentrates on various quali-
tative aspects of the optical conductivity for all disorder
strengths from the clean up to the dirty limit and for
all relative ratios I'/T's. In Section 4 we analyze the re-
cent anomalous optical data on thin MoN films?® and we
demonstrate that they can be reasonably fitted by the
theory for the Dynes superconductors.

II. OPTICAL CONDUCTIVITY: GENERAL
THEORY

We will assume that the Fermi surface is isotropic
and the normal-state spectrum is quadratic with effective
mass m. Under these assumptions also the optical con-
ductivity o(w) = ¢’(w) + i0”(w) is isotropic and, within
linear response theory, it can be written as!?:21,22

_ )
w40t

o(w) K(w), (5)

where the current-current correlation function K(w) on
the imaginary (Matsubara) axis reads, neglecting the ver-

tex corrections,
e?v, d3k
+— [ 553 X
3 (2m)

Ty Tr [é(k, Wi+ wn) Gk, w)] . (6)

K(wm) = DO

The first term corresponds to the constant diamagnetic
contribution Dy = ne?/m which depends only on the
density of the electrons n, their mass m, and their charge
e. The second term corresponds to the paramagnetic
contribution which is affected by superconductivity as
well as by the impurities. The momentum integration
is taken over the entire Brillouin zone, T' represents the
temperature, and vg is the Fermi velocity.
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FIG. 1: Comparison, at 7' = 0, of a normal metal with two superconductors: a superconductor without pair-breaking processes
(I' = 0) and a Dynes superconductor (I' = 0.1A). Left panel: density of states for both superconductors, normalized with
respect to the constant normal-state density Ny. Shaded areas denote the occupied states. Right panel: real part of the optical
conductivity ¢’(w) for the normal metal and for both superconductors. The total scattering rate is I', = 5A in all cases.
Shaded areas show the weight which is missing in order to satisfy the sum rule Eq. (12). The missing weight is carried by the
singular contribution to Eq. (8); this contribution is schematically shown as a bar at w = 0.

A note about the vertex corrections is in place here.
It is well known that, in general, in order to satisfy the
Ward identities the vertex corrections should be present.
However, in our case they do not appear, and the rea-
sons are the same as in Refs. 10,16,17. First, in order to
avoid the phase modulation of the superconducting or-
der parameter,?3 we work in the transverse gauge. Sec-
ond, since the impurity potential considered in Ref. 6
is point-like, also the normal-state vertex corrections to
conductivity vanish in the CPA formalism.?#425

Nam has noticed that, when evaluating Eq. (6) within
the Eliashberg theory, it is advantageous to replace the
Eliashberg functions Z(w) and A(w) with three complex
functions: energy function €(w), density of states n(w),
and density of pairs p(w) defined by

ew) = Z(w)yw? — A%(w),

n(w) = N m)
plw) = )

Vw? — AZ(w)

Note that n?(w) — p?(w) = 1 and there is some redun-
dancy in this formulation. Taking into account that the
square root is to be taken so that its imaginary part is
positive, one can check readily the symmetry properties

((-w) = =€), n(-w)=n"w), p(-w)=-p"w).

In terms of the functions e(w), n(w), and p(w), the
Nambu-Gor’kov Green’s function of the Eliashberg su-
perconductors can be written as

o sins
n(w)7o + p(w)m — 73
A o e | )

Making use of Eq. (7), Nam has succeeded to express
the optical conductivity in terms of the functions n(w),
p(w), and €(w). His result can be written in the following,
slightly modified form:

o(w) = mDé(w) + Oreg(w). (8)

The first term describes the singular contribution of
the condensate to frequency-dependent conductivity. Its
magnitude can be written in terms of the superfluid den-
sity ns as D = nge?/m and is given by

D ng e v p(v)

Z - [ gutanh (—) .

D~ /0 vtanh { oo Re [ <) (9)
In the non-superconducting state obviously D = ns = 0.

The second term in Eq. (8) represents the non-singular
part of the conductivity and is given by'?

iDy

Treg() =

/_Z dv tanh (%) Hv+w,v), (10)

where we have introduced an auxiliary complex function

L+ n(z)n*(y) + p(z)p*(y)
2[e*(y) — e(x)] 7
1 —n(z)n(y) — p(x)p(y)
2[e(y) + (2] )

The formulae Egs. (8,9,10,11) are valid for any Eliash-
berg superconductor. It should be noted that for w — 0,
Eq. (10) predicts that oy, (w) =~ D/w, which describes
the inductive response of the condensate.

Before concluding this Section it is worth pointing out

that Nam’s theory satisfies the conductivity sum rule

H(x,y) =

/0 dwo' (w) = §D0. (12)
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FIG. 2: Frequency dependence of the real and imaginary parts of the conductivity Eq. (10) for the Dynes superconductors
with fixed total scattering rate I', = 5A and varying pair-breaking rates I'. The temperature dependence of the gap, A(T),
was calculated using Eq. (15). The studied temperatures and the corresponding I'-dependent values of A(T') are presented in
the insets. Note that, in all panels, the highest-temperature curves represent the normal state. The energy scale 2A is shown
by the dotted lines. Let us point out that the values of wo” (w)/Do at w — 0 allow for a direct determination of the superfluid

fraction ns/n.

The proof of Eq. (12) makes use of two observations fol-
lowing from Egs. (5,6): (i) the function o(w) satisfies
the Kramers-Kronig relations, and (ii) the high-frequency
limit of ¢”(w) is Do/w. Writing down the Kramers-
Kronig relation for o (w) at w — oo, one recognizes easily
that we arrive at Eq. (12).

IIT. OPTICAL CONDUCTIVITY: DYNES
SUPERCONDUCTORS

Now we apply the general expressions from the previ-
ous Section to the Dynes superconductors, for which the
energy function e(w) is given by Eq. (3). The gap func-
tion A(w) of the Dynes superconductors is also known:®

W —

Aw) = o iI‘A’ (13)

and this implies that

w +1l A
n(w) = — ) = )

(w+il)2—A (w+il)2 —A

Typical frequency dependence of the real and imaginary
parts of n(w), p(w), and e(w) of a Dynes superconductor
is shown in the Appendix. Equations (8,9,10,11) together
with Egs. (3,14) provide a complete description of the
electromagnetic properties of the Dynes superconductors.
Note that a single integration is required to determine
the optical conductivity o(w), therefore the numerical
cost is the same as in the widely used Mattis-Bardeen
theory,” which can be viewed as a special limit (I' = 0
and I',, > A) of the present approach.

As shown in Ref. 6, the magnitude of the gap A of a
Dynes superconductor is controlled by the pair-breaking
scattering rate I', and in the BCS model with coupling
constant A and cutoff frequency € it can be found by
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FIG. 3: Frequency dependence of the dirty-limit conductivity aﬁeg (w), Eq. (17), at low frequencies. For each considered value
of the pair-breaking rate I' several temperatures are studied, and the corresponding Dynes density of states at 7' = 0 is shown
in the inset. The absorption edge at w = A is clearly visible for I" < 0.3A and T' < 0.3T...

solving the self-consistent equation

_ i A(T)
A(T) =2 \nT g
550 \/(jwn] + T2 + B2(T)

where the sum is taken over the Matsubara frequencies
wy,. Starting with Eq. (15), we use the following notation:
A(T) denotes the gap at temperature T', whereas the

= 0 value of the gap will be denoted simply as A.
Moreover, the critical temperature of the dirty system
will be called T,.

Before discussing the optical conductivity in the su-
perconducting state, it is useful to start by analyzing the
normal state A = 0. In this case we have e(w) = w+il,,
n(w) = 1, and p(w) = 0, and therefore the normal-state
optical conductivity of a Dynes superconductor is given
by the simple Drude formula

, (15)

Dy

—_ 1
2I°,, — iw (16)

on(w) =
Note that the relative weight of pair-breaking and pair-
conserving processes is irrelevant in the normal state and
therefore o, (w) depends only on the total scattering rate
T',,. In what follows we will measure the conductivities
in terms of o9 = Dy/(2T,,), which is the normal-state
conductivity at w = 0.

Our main goal is to study the change of the optical
conductivity o(w) in the superconducting state at fixed
T, for varying ratios of pair-conserving and pair-breaking
processes. In Fig. 1 we plot o’(w) of a moderately dirty
Dynes superconductor with T',, = 5A at temperature
T = 0 for two values of the pair-breaking scattering rate
I'. In absence of pair-breaking, i.e. for I' = 0, our re-
sults are consistent with the Mattis-Bardeen theory gen-
eralized so as to apply for arbitrary values of I'y:26 for

w < 2A, the conductivity vanishes, whereas for w > A

it approaches the normal-state value. Note that already
very small amount of pair-breaking I' = 0.02T',, leads to
dramatic changes of the low-frequency conductivity: even

at the lowest frequencies, oy, (w) is finite, and in addition

to the step at w = 2A, optical conductivity also shows
an additional step at w = A. Both of these results can
be easily understood by inspecting the density of states
of the Dynes superconductor, also shown in Fig. 1: sim-
ilarly as in the normal metal, absorption at arbitrarily
low frequencies is possible also in the Dynes supercon-
ductor, and the joint density of states increases at the
two observed steps. Figure 2 shows that the filling in
of the gap by pair-breaking processes quickly grows with
I'" and that the effect of pair breaking processes is quite
similar to that of raising the temperature. As a result,
the missing weight below the o, (w) curve diminishes, re-
sulting (due to the Ferrell-Glover-Tinkham sum rule?")
in quickly decreasing superfluid fraction ng/n.

Dirty limit. The general formula Eq. (10) is some-
what difficult to interpret, but in the dirty limit, when
', > A,T, it can be simplified considerably. In fact, if
we restrict ourselves to frequencies w < Iy, the function
€(w) reduces to e(w) = iT';,, and in this case Eq. (10) re-
duces to the physically much more transparent formulas

Ole(0) = / v [ () — f(v+w)

X [n( n'(v+w)+pw)p (v +w),
o (w) = / dv[1 - 2/(v)]
x [0/ ()" (v +w) +p'(V)p" (v +w)], (17)

where f(v) is the Fermi-Dirac distribution function. Sim-
ilar expressions have been guessed without proof also in
Ref. 14. The real part oy, (w) may be interpreted as a
sum of contributions from the single-particle and Cooper-
pair channels, both of which absorb the radiation in a
semiconductor-like fashion. Note that, if one sets the
pair-breaking rate I' to zero in Eqgs. (17), one recovers
a very compact form of the Mattis-Bardeen theory. It
is also worth pointing out that the optical conductivity
Oreg(w) of course does depend, via 0y, on the normal-
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FIG. 5: Superfluid fraction ns/n at T' = 0 as a function of
the scattering rates v and s according to Eq. (21).

state scattering rate I',.

An observation of the absorption edge at w = A would
provide a smoking gun for the concept of the Dynes su-
perconductors. In order to identify the conditions under
which this feature can be observable, in Fig. 3 we plot
Oyeg(w) in the experimentally relevant dirty limit. One

observes that the absorption edge at w = A is clearly
visible for I' < 0.3A and T' < 0.31%, thus rendering the
concept of the Dynes superconductors experimentally fal-

J

1 1
1 tan(1/~) —
na(0) - | arctan(1/7) g

). L G AT ()

—

/1 —~2 /1 —~2 2
(arccos s + arctan % — arctan W)] if v4 < 1,

sifiable by optical means.

Coherence peak. It is well known?! that in absence of
pair breaking, the low-frequency conductivity oy, (w —
0) diverges for all temperatures T" < T.. In this para-
graph we will calculate oy, (0) for a Dynes superconduc-
tor, assuming that the dirty limit applies. We will show
that 07.,(0) stays finite, and that, as a function of tem-
perature, it exhibits the well-known coherence peak with
a magnitude controlled by I'. To this end, let us make
use of Eq. (17) which implies that

Jéeg(o)* Ood—x 1002 /N2
oo _/o 2Tcosh2(x/2T) [n (x)° +p'(x) ] . (18)

Results of the numerical evaluation of Eq. (18) are pre-
sented in Fig. 4. Note that, for sufficiently large pair-
breaking rates I, the temperature dependence of o7, (0)
is monotonic, without any coherence peaks. However,
for sufficiently small I, the conductivity oy, (0) immedi-
ately below T, grows with decreasing temperature. In the
vicinity of T, where A is small, the growth is controlled
by I', and for I' « T, it can be shown that

Treg(0)

reg

——2
7 A°(T)
=1+ -——". 19
g0 +8 TCF ( )

When the temperature is decreased further, the thermal
factor in Eq. (18) starts to dominate and o7, (0) de-

reg
creases, until ultimately in the low-T region it saturates

at

Treg(0) r?
£ = —. (20)
g0 T2 + A

The formula Eq. (20) is valid in the dirty limit for any ra-
tio between I' and A. Note that the results Eqgs. (19,20)
can be used for a direct determination of the pair-
breaking rate I' by microwave measurements.

Superfluid fraction. The superfluid fraction ns/n of a
Dynes superconductor can be determined from Eq. (9).
In the limit 7" = 0, the integral can be taken analytically
and, introducing dimensionless scattering rates vy = I'/A
and v5 =T’ /Z, the result can be written as

Vs

(21)

arctan(1/v) — e

The formula Eq. (21) is somewhat cumbersome. In or-
der to illustrate its meaning, in Fig. 5 we present a 3D
plot of ng/n at T = 0 as a function of v and vs. No-

s/ 2 -1/ 7241

ist > 1.

(

tice that both types of scattering processes diminish the
superfluid fraction, but (as expected) the pair-breaking
impurities are much more effective in doing so. We have
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FIG. 6: Real and imaginary parts of the optical conductivity
for a 15.1 nm thick MoN sample reported in Ref. 20. Fits of
the data to the prediction for a dirty Dynes superconductor,
Eqgs. (17), are also shown. At T' = 2 K, the fits are three-
parametric. For all curves at higher temperatures there is

only one fitting parameter, namely A(T).

also checked that in absence of pair-breaking processes,
i.e. for v = 0, Eq. (21) reduces to the previously pub-
lished results.10:21:28

For the sake of completeness let us also point out that,
instead of using Eq. (9), at finite temperatures the su-
perfluid fraction of a Dynes superconductor can be more
conveniently calculated from the Matsubara sum

ng(T 32
7(1 ) _orr > EE T (22)

wp,>0 T

where 2, = \/(\wn\ —|—F)2—|—Z2. Note that Eq. (22)
can be obtained from the well-known result for super-
conductors in which only pair-conserving scattering is
present,'®2? provided one takes the pair-breaking pro-
cesses into account by the minimal substitution |w,| —
|wn| + T, which was mentioned in the Introduction.

IV. APPLICATION TO MOLYBDENUM
NITRIDE

Motivated by interest in the physics of the
superconductor-insulator transition,”” strongly disor-
dered superconducting thin films have recently become
the subject of intensive research. Since in-gap states
are frequently observed in such systems®°3%:3! and since
their tunneling density of states can be often described
by the Dynes formula Eq. (1),%® the theory developed
in this paper should be directly applicable precisely to
such systems. It is also fortunate that, due to progress
in terahertz spectroscopy, high-quality optical data on
strongly disordered superconductors have recently be-
come available.?0:31
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FIG. 7: Temperature dependence of the gap parameter A(T)
obtained from the fits shown in Fig. 6. Also shown is the value
of I' which has been determined at the lowest temperature
T = 2 K; at higher temperatures its value was kept fixed.

As an example, in this paper we have chosen to discuss
the terahertz spectra obtained by Simmendinger et al.
on molybdenum nitride (MoN) thin films in Ref. 20. The
authors have studied a whole series of films with different
thickness, but most details were presented for the 15.1 nm
thick film, and we will test the predictions of our theory
against this sample.

Simmendinger et al. start their analysis by noting that
although their films are definitely deeply in the dirty
limit, the Mattis-Bardeen theory can not fit their data.
The reason is that even at the lowest temperatures, large
in-gap absorption has been observed. In Ref. 20 this find-
ing has been explained by the existence of a hypotheti-
cal parallel normal-conducting channel inside the sample.
While this might be possible - although one would have to
explain the absence of an internal proximity coupling be-
tween the normal channel and the superconducting chan-
nel - we consider here an alternative explanation, namely
that MoN is a Dynes superconductor.

We proceed as follows: since the studied sample is ob-
viously in the extremely dirty limit, we can use Eqgs. (17)
to fit the observed frequency dependence of the real and
imaginary parts of conductivity. At the lowest exper-
imental temperature T = 2 K the least-squares fitting
procedure is robust and we can safely fix the three free
parameters entering Eqgs. (17), namely the overall scale
00, the superconducting gap A, and the pair-breaking
scattering rate I'. The resulting fit is shown in Fig. 6;
the agreement between theory and experiment is seen to
be reasonable.

Next we assume that both oy and I" do not depend
on temperature, and using their values which have been
determined at T = 2 K, we fit the higher-temperature
conductivity data by a single parameter: the supercon-
ducting gap A(T). The resulting temperature depen-
dence of the superconducting gap A(T) exhibits the ex-
pected order parameter-like shape, see Fig. 7, and the
corresponding fits of the optical conductivity are shown
in Fig. 6. The agreement between experiment and the-
ory is satisfactory, especially if we realize that the fits of



two frequency-dependent functions oy, (w) and oy, (w)
are done using a single free parameter A(T) at every
temperature T' > 2 K.

Note that our estimate of the pair-breaking rate of the
15.1 nm thick MoN film, I' = 0.2 meV, is of the same
order of magnitude as I & 0.1 meV directly measured by
tunneling in a similar 10 nm thick MoC film.5 It is worth
pointing out that such values are reasonable. In fact,
according to our interpretation, I' is a typical exchange
field inside the superconducting film. If we assume that
the magnetic impurities are located in the vicinity of the
film/substrate interface with area density ng, and if we
characterize the impurities by exchange field J decay-
ing to zero on the length scale a (of atomic dimensions),
then we can make the following very rough estimate:
I' = Ja*ng/d. Let us take the typical values J = 1 eV,
a = 0.3 nm, and for the film thickness d = 15.1 nm. If
we assume that no = z/a? (where z is the fraction of
atomic positions occupied by magnetic impurities), then
we obtain that I' = 0.2 meV corresponds to z = 0.01,
which looks quite reasonable. Larger values of a lead to
even smaller concentrations of the magnetic impurities.

V. CONCLUSIONS

Based on Nam’s description of the electromagnetic
properties of superconductors,'® in this paper we have
presented a comprehensive set of predictions for the
optical conductivity of the recently identified Dynes
superconductors.%7 In particular, we have shown that
two metals with the same optical response in the nor-
mal state and equal superconducting gaps A may exhibit
very different superconducting responses, with the shape
of the latter depending on the ratio of the pair-breaking
and pair-conserving scattering rates I' and I'y, see Fig. 2.

The most characteristic optical fingerprint of a Dynes
superconductor is the presence (at low temperatures and
for physically reasonable pair-breaking rates) of an ad-
ditional absorption edge in o/(w) at w = A, which ex-
ists in addition to the conventional absorption edge at
w = 2A. Another property which is unique to a Dynes
superconductor is that the dissipative component of the
low-frequency conductivity oy, (w — 0) stays finite down
to temperature T = 0. Both of these anomalies are in
fact a simple consequence of the fact that the Dynes su-
perconductors are gapless, see Fig. 1.

Furthermore we have shown that the pair-breaking
scattering rate I' can be straightforwardly determined
from microwave measurements, either from the slope of
the coherence peak, Eq. (19), or from the low-frequency
conductivity oy, (w — 0) in the limit of low temper-
atures, Eq. (20), thus enabling comparison with the T’
values obtained from the tunneling spectroscopy.

Practical formulae have been derived for the superfluid
fraction ng/n (or, equivalently, superfluid stiffness) of the
Dynes superconductors. In the zero-temperature limit,
we have found an explicit algebraic expression, Eq. (21),

-1F — n'(w) -- n"(w) \\\,'/
. pw -- p"(w)

w/A

FIG. 8: The real and imaginary parts of the functions n(w),
p(w), and e(w) describing a Dynes superconductor with the
pair-breaking rate I' = 0.1A.

showing how n(0)/n depends on the scattering rates I’
and T';. At finite temperatures, the formula Eq. (22),
which is suitable for an efficient numerical evaluation of
ns(T)/n, has been derived.

Strongly disordered thin superconducting films seem
to be the best candidate where the Dynes phenomenol-
ogy may be observable.*® This is probably caused by the
presence of magnetic impurities at the interface between
the film and the substrate, which may be present even
in otherwise very clean films.?233 In this paper we have
shown that the apparently anomalous optical data for
MoN thin films?® can be reasonably fitted by the Dynes
optics, see Figs. 6,7. This result lends further support to
the identification of strongly disordered thin supercon-
ducting films as potential Dynes superconductors.

From the methodological point of view, we would
like to point out that Eqgs. (8,9,10,11) together with
Egs. (3,14) provide a complete description of the elec-
tromagnetic properties of the Dynes superconductors.
Their numerical evaluation is equally costly as that which
makes use of the generalized Mattis-Bardeen formula,?%
but, unlike the latter, allows also for pair-breaking pro-
cesses. As regards the formal properties of our results,
the optical conductivity Eq. (8) has the correct analytic
properties and high-frequency asymptotics, and therefore
it satisfies also the conductivity sum rule Eq. (12). More-
over, by scanning a wide range of parameters A, T'y, and
T, we have checked that o’(w) for a Dynes superconduc-
tor is positive definite (as it should be), although we were
not able to prove it. This means that our theory for op-
tics of the Dynes superconductors satisfies the same set of
constraints which is obeyed by the simple Drude formula.
Since the latter is known to be a good starting point when
analyzing the optics of normal metals, we are convinced



that the present theory might play an analogous role in
the superconducting state.
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APPENDIX: THE FUNCTIONS n(w), p(w), AND
e(w)

For readers’ convenience, in Fig. 8 we plot the func-
tions n(w) = n'(w) +in’(w) and p(w) = p'(w) + ip” (w)
for a Dynes superconductor, defined by Eq. (14). When
frequency is measured in units of A, these functions de-
pend on a single parameter: the pair-breaking rate I'.
Also shown in Fig. 8 are the real and imaginary parts of
the function e(w) defined by Eq. (3).
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Zaver

KedZze samotnym vysledkom je venovana prakticky cela dizertacnd praca, v zavere
dame priestor pre otazky, ktoré pri stidiu vlastnosti teoretického modelu Dynesovych
supravodi¢ov prirodzene vznikli a v budicnosti sa im planujeme venovat my, alebo

mozu sluzit ako podnety na pracu pre inych.

Zacnem, z pohladu autora tou najzaujimavejsou. Ako sme mali moznost vidiet pri rieSeni
rovnic v priblizeni CPA v podkapitole venovanej prave tomuto formalizmu, potencidlové
rozdelenia pre NP a ZP rozptyly vchadzaja do hry tplne inym spésobom. Zatial
¢o P,(U) mdze byt uplne Tubovolné, P,,(V') je v pripade, ktory vedie na Dynesovu
formulu pre hustotu stavov, definované lorentzianom. Tento rozdiel, takisto ako pévod
P,,(V) v spominanej forme si samozrejme v budicnosti ziadaju stadium a vysvetlenie

na mikroskopickej tirovni.

Dalsia otézka, ktord zrejme taktiez tizko suvisi s predchadzajtcim odstavcom, je v
akych typoch materidlov a za akych okolnosti vidime v experimente hustotu stavov,
opisatelnti Dynesovou formulou. Podla nasich vedomosti takato kategorizacia doposial

nebola urobena a pre dalsie Stidium mikroskopického mechanizmu bude zrejme klicova.

Dalsi podnet na vyskum sa da néajst v kapitole venovanej spektralnym vlastnostiam,
kde sme Dynesov supravodi¢ navrhli ako alternativny, vnatorne konzistentny model
namiesto modelu prezentovaného v [10]. Autorov uvedenej prace zaujima teplotnd
zavislost rozptylovych konstant popisujicich NP a ZP rozptylové procesy v pripade
vysokoteplotnych supavodicov. Nakolko autorom v uvedenej praci staci v ich fitovacom
algoritme zmenit formuly popisujuce fyzikalny model, verime, ze vysledok tohto vyskumu

bude coskoro k dipozicii.

Dynesov supravodic sa taktiez ukazuje ako vhodny kandidat pre stidium tzv. Homesovho
zékona [26], t.j. univerzalnej zévislosti zlomku supravodivej ¢asti koncentracie elektréonov
ns/n od podielu T, /T',,. Kedze tato téma v podstate nadvizuje na stidium vodivosti

prezentovanej v [H3|, planujeme sa jej venovat okamzite po dokonceni dizertacnej prace.

Kedze na model Dynesovho supravodica sa da pozerat aj ako na rozsirenie BCS tedrie

o vplyv NP a ZP rozptylovych procesov do formil pre funkciu energetickej medzery
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A(w) a renormalizaciu vinovej funkcie Z(w), dé sa priamociaro skiimat volna energia
Dynesovych supravodicov, ako aj kritické polia H. a H. [27]. Zdoraznime, Ze toto
studium tvori prirodzent "povinni jazdu' experimentalnych predpovedi pre Dynesov

supravodi¢. Rovnako sa da pozerat aj na predpoved pre Ramanovu spektroskopiu.

Dalsia velmi zaujimava otézka sa tyka zovseobecnenia modelu Dynesovho supravodica.
Pri obr. 4, spomenutom v tivode tejto prace nas mohlo spontanne napadnif, ¢i sa neda
pozriet na pripad, kedy spin NP rozptylovych necistét nie je nevyhnutne fixovany v
smere osi z, ale jeho orientacia je lubovolna. Tato otazka sa javi byt prirodzenejsia o to
viac, ak si uvedomime, ze pévodné pocty uvazujuce riedky plyn magnetickych necistot
na drovni T-matice [2] vyuzivaju formalizmus matic 4 x 4, ktory s takouto volnostou

smeru spinu pracuje od zaciatku.

Zaujimava studia sa da zrejme rozviest aj ohladom vplyvu externého magnetického
pola na optickul vodivost Dynesovho supravodica. Motivacia pre takuto studiu sa
dd najst napr. v ¢lanku [28], ktory sa zaobera podobnou témou. V pripade takejto
analyzy by sme zrejme nemuseli zac¢inaf uplne od nuly, nakolko by sme s najvacsou
pravdepodobnostou mohli vyuzit vysledky z ¢lanku [H1], kde sme sa zaoberali vplyvom

slabého externého magnetického pola na hustotu stavov Dynesovho supravodica.

Experimentalny vyznam studia Dynesovych supravodicov sa dé néajst aj v kontexte
vyuzitia supravodicov obsahujicich necistoty pri konstrukcii napr.: kvantovych dvojh-
ladinovych systémov, t.j. kvantovych bitov [29], detektorov kinetickej indukénosti [30]
alebo parametrickych zosilnovacov [31]. Ukazuje sa napriklad, ze pre zvysenie kvality
mikrovinnych rezonatorov je kltic¢ové porozumenie rozptylovych procesov supravodivého
materialu z ktorého si vyrobené, nakolko tieto rozptylové procesy mozu viest k pot-
lac¢eniu strednej doby zivota kvazicastic a tym padom aj k znizeniu kvality takéhoto

rezonatora [17].

Na uplny zaver spomenme predpoklady, ktoré teéria Dynesovych supravodicov sice
prirodzene obsahuje, ale v ramci nasich doterajsich poznatkov zatial nijako nedokazuje
opravnenost ich pouzitia. Tak napriklad: polia popisujice rozptylové procesy na
NP necistotach su c¢isto klasické, bez akejkolvek vnutornej dynamiky. Absencia tejto
dynamiky vedie napriklad k ignoracii moznosti existencie Kondovho javu. Nakoniec,
stale nam chyba explicitny dokaz kladnej definitnosti redlnej ¢asti vodivosti, podobny
tomu, ktory prezentujeme pre spektralne funkcie v ¢lanku [H2]. Hoci sme tento dokaz
aspon z ¢asti nahradili numerickym testom na velkej vzorke ndhodne vybratych hodnot
parametrov v ramci relevantnych intervalov, bolo by pekné tiito vlastnost nahliadnut aj

analyticky.
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Dodatok A: Nambu-Gorkovov formalizmus

V tomto dodatku predstavime Nambu-Gorkovov formalizmus ktory vyuzivame pri
formuldcii a ndslednom rieseni CPA rovnic (H1-4) pre Dynesov supravodi¢. Vyhoda
tohto formalizmu spociva v tom, Ze jednotnym sposobom dokaze popisat ako normalny,

tak aj supravodivy stav kovu.

Najskor definujeme stipcovy vektor oy pozostavajtci z elektrénovych anihilaéngch a
kreacnych operatorov. Spolu s nim uvedieme hermitovsky zdruzeny, riadkovy 0411 a

taktiez ich vzajomny antikomutacny vztah:

Ckp
Ok = t ) Oé;r( = <CLT C—ki) s {ak, a;r(,} = (Sk,k’TO' (29)
iy

V celom vyklade v ramci dizertacnej prace pracujeme s Pauliho maticami, ktoré tvoria

prirodzent stucast Nambu-Gorkovho formalizmu.

1 0 01 0 — 1 0
To = ) T = ) Ty = ) 73 = (30)

01 10 1 0 0 —1

Definujme teraz Nambuho elektronovi Greenovu funkciu G(k, 7), t.j. Greenovu funkciu
pozostavajlicu z operatorov oy a aL a jej vysledna forma bude teda nadobudat struktiru

matice 2 x 2:

~(Tew(r)ely)  —(Terr(T)ei)

6k = ~(Ta(r)al) =
< (Tl (T gglr)es)

(31)

Vsimnime si, ze diagonalne prvky G(k, 7) zodpovedaji Greenovej funkcii normélneho
kovu, zatial ¢o nediagonalne prvky budu nenulové len pre supravodivy stav kovu, pretoze
ich struktira suvisi s parametrom usporiadania v supravodici. Tieto prvky nazyvame

anomalnymi Greenovymi funkciami'2.

Neinteragujuci systém

KedZze nas bude najskor zaujimat ¢asovy vyvoj vektorového operdtora ay(7) pre nein-

teragujuci systém, je prirodzné pozriet sa na struktiru Hamiltonidanu H,y popisujiceho

12 Ako prvy tieto prvky zaviedol a nazval anomalnymi Gorkov.
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plyn volnych elektréonov:
Z kOl Cro = Z £k (cchkT + c_k¢c k¢> = Z al Ty + const. (32)
k

Ak sa teraz sustredime na Schrodingerovu rovnicu v Heisenbergovom obraze pre ay:

d

E“k(ﬂ = [7—[0, ak(Tﬂ = —exT30k(7), (33)

moZeme priamo napisat pohybovi rovnicu pre Go(k, w):
d
{5 + 51&'31 Gok,7) = —=6(1)70. (34)

Ak teraz pouzijeme Standardny postup s ¢asovou Fourierovou transformaciou Gy (k, 7) =

> Go (k,w,)e"“n7 dostaneme algebraickii rovnicu pre éo(k, wy) v tvare:

iwnTo + ExT3

(iwnTo — €xc73)Go(K, wn) = 70, s rieSenim: Gk, wy) = — w2 + &

(35)

Interagujtici systém

Po tom ako sme nasli tvar Greenovej funkcie pre plyn volnych elektréonov, prejdeme k
popisu interagujuceho systému. Greenovu funkciu pre interagujici systém vyjadrime

prostrednictvom Dysonovho radu, zobrazeného na obr. 23.

> >— +—
k w, k w, k w,

k w,

Obr. 23: Dysonova rovnica pre elektréonovy popagator v re¢i Feynmanovych diagramov.

Diagram zobrazeny na obr. 23 sa d& samozrejme vyjadrit maticovou rovnicou:
Gk, w,) = Golk, wy) + Go(k, wn) Sk, w,) Gk, wy), (36)

s rieSenim:

. . -1
Gk,w,) = (iwnTO —exm3 — 2(k, wn)> : (37)

Zdoraznime, ze funkcia vlastnej energie i(k, wy) je matica 2 X 2 a da sa tak parametri-
zovat linedrnou superpoziciou Pauliho matic uvedenych v (30). Naviac sa ukazuje, ze

vhodnou volbou fazy supravodivého stavu si vystacime len s maticami 75 3. Vlastna
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energiu budeme teda parametrizovat v tvare:

f](k,wn) = (1 — Z(k, wn))z’wnm + O (k, wy)m + x(k, wy)Ts. (38)
Invertovanim matice v (37) ziskavame vyraz pre plni Greenovu funkciu v Nambuho-
Gorkovom formalizme v tvare:

ik, w,)  Z(k,wn)iwnTo + (ex + x(k,wn)) 75 + P(k, w, )7 )
o Z(k, wn)2? + (g5 + x(k,wn))” + (K, w,)?

V nasledujticich ivahéach budeme predpokladat nezavislost premennych Z, x a ® od k.
Poznamenajme, ze tento predpoklad je v stlade so Standardnym spravanim spominanych
premennych pre pripad s vlnovych supravodicov, teda ked funkcia energetickej medzery
nezavisi od k. V dalSom texte budeme pre tieto premenné pouzivat oznacenie: Z(w,) =

Zny X(Wn) = Xn a nakoniec ®(w,) = &,,.

V poslednej casti tohto dodatku spravime vypocet hustoty tunelovych stavov na imag-

inarnej osi presumovanim elektrénovej spektralnej funkcie v k priestore'?:

. 1 1 A
N° = —§ ——G"(k
(wn) v a 7TG (k,wy)

Ny de Zniwn + €+ Xn
T ) Z202+ (e 4 xn)’ + 02

Ny > iy, - €+ Xn
= — de 5 + de 5 .
T e 2224 (e xa) 02 S 222t (e xa) B2

-~ -~

11 12

(40)

Pripomenme, Ze v druhom riadku (zatial nedokonc¢eného) odvodenia (40) pre hustotu
tunelovych stavov sme vyuzili moznost sumu cez k prepisat cez integral pomocou
identity 1/V>", = Ny [ de [ dO/(4x). Spolocne s touto identitou sme taktiez uvazili
aj rotacnu invariantnost studovaného systému. Kedze uvazovany vypocet robime pre
vSeobecny supravodi¢ popisany Greenovou funkciou (39), oplati sa pozriet separdtne na
cleny I a Is.

Integral v I, mdzeme vypocitat (pricom si samozrejme treba dat obzvlast pozor na
pripady ked Im y,, # 0.):

o0

I = {m ((a+><n)2 v 7202 + @i)} — 0, (41)

— 00

13Cely vypocéet budeme robif na imagindrnej osi a k retardovanému jazyku sa vratime aZ na
uplny zaver prechodom na (lepSie povedané do infinitenzimélnej blizkosti nad) redlnu os, uvazujic
wy, — w + 10.
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¢o znamend, ze mozeme prejst k analyze vyrazu [;. Ako moézeme vidief, uvazovany
integral je konvergentny a da sa vykonat v komplexnej rovine vyuzitim Cauchyho vety.
Ak uvazujeme standardné pripady, kedy sa reziduum e = — Xn—H'\/W nachadza
v hornej polrovine komplexného priestoru, tak po vykonani integracie a vyuziti definicie

funkcie energetickej medzery ®,, = Z,A,, ziskavame:

Xn\wn
S BT #2)

Tym padom nam uz ni¢ nebrani v tom, aby sme tento vysledok uvazili v kontexte

Ilzi’ﬂ'

vypoctu (40) a napisali tak vysledny tvar pre meratelni hustotu tunelovych stavov

N(w), ktort ziskame z imagindrnej ¢asti po prechode na redlnu os:

w

(43)

Na zaver tohto dodatku si k odvodeniu hustoty tunelovych stavov dovolime par ko-
mentdrov. Vsimnime si, ze vSeobecny supravodi¢ popisany Greenovou funkciou (39),
vo vSeobecnosti zavisi od troch nezndmych funkcii. Hustota tunelovych stavov pre
takyto supravodic (43) vSak vobec nezavisi od x(w) a Z(w). Poznamenajme, ze hustota
tunelovych stavov takymto sposobom straca citlivost nie len na vplyv ZP rozptylovych
procesov obsiahnutych v Z(w), ale taktiez aj na Casticovo-dierovi asymetriu, ktoréd sa
objavi v pripade y(w) # 0. Dobrym prikladom tejto vlastnosti je model skiimany v
[10], pre ktory napriek uvazovanej ¢asticovo-dierovej asymetrii vyjde hustota tunelovych
stavov v tvare Dynesovej formuly [6]. Napriek tejto pritazlivej vlastnosti sa vSak ukéze,

ze skiimany model ma problém so sumacénymi pravidlami [H2].

Na tuplny zaver poznamenajme, ze meratelné velic¢iny, ktoré zavisia od malého mnozstva
neznamych (v nasom pripade hustota stavov) hraju vo fyzike vobec velmi dolezitu
tlohu. Umoznuju ststredenie na stidium velmi specifickych vlastnosti (v nasom pripade
je to vplyv NP rozptylovych procesov na funkciu energetickej medzery) bez vplyvu
ostatnych neznamych. Takto ziskand informacia nam potom pomaha zorientovat sa v
komplexnejsom kontexte skiimenej problematiky (v nasom pripade je to vplyv oboch

typov rozptylovych procesov na supravodivé vlastnosti).

Feynmanove pravidla v Nambuho-Gorkovovom formalizme

Ako sme si mohli vsimnut v predoslom odstavci, aj v tuhych latkach sa velmi ¢asto
pouziva jazyk Feynmanovych diagramov. Tento jazyk pritom vyuzijeme este raz v
dodatku B pri vypocte funkcie odozvy, izko stuvisiacej s vodivostou. Kedze Feynmanove

diagramy idu ruka v ruke s Feynmanovymi pravidlami, ktoré nam davaju navod ako
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tieto diagramy citat a pocitat, je prirodzené ich minimalne sformulovat. V tejto
podkapitole si preto (bez odvodenia'?) predstavime vieobecné Feynmanové pravidla

pre Nambuho-Gorkovov formalizmus.

o Ciaram v diagrame priradujeme stvorhybnosti v silade so zdkonmi zachovania vo
vnutornych vrcholoch, pricom sumujeme cez volné stvorhybnosti a fononové vetvy.

e Prispevok uzavretej slucky je dany stopou sucinu matic, krdat —1.

e Poradie matic v sucine je dané poradim im prislusnych objektov na elektronovej

ciare v diagrame.

o (Tienenej) coulombovskej interakcnej ciare so Stvorhybnostou (q, w,) prirad

2
_%V<q’ wn) = _%eoe(

et
q,wn)q? "
e Fondnovej cCiare pre vetvu s so stvorhybnostou (q, wy,) prirad Greenovu funkciu

zodpovedajiicu fononovému propagdtoru ‘%ﬁg(q,wn).
e Elektronovej ciare so stvorhybnostou (k, wy,) prirad maticovi Greenovu funkciu

éo(k, (,d).

o Coulombovskému vrcholu prirad T3.
o FElektron-fononovému vrcholu pre fononovi vetvu s s vehddzajiicou elektrénovou
hybnostou k a wvychddzajicou hybnostou K' prirad maticovy element elektrdn-

fondnovej interakcie gy, ./ Ts.

140Qdvodenie Feynmanovych pravidiel vicsinou tvori zna¢ni ¢ast standardnych kurzov zaoberajticich
sa oblastou tuhych latok s vyuzitim kvantovej tedrie pola.
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Dodatok B: Teoéria linearnej odozvy z rychlika

Uloha, ktord budeme v rdmei tohto dodatku riesit, sa da formulovat takouto otdzkou:
"Ako sa zmeni strednd hodnota veli¢iny M pod vplyvom slabej poruchy H''? UkazZeme
si, ze odpoved na tuto otazku sa da najst pomocou tzv. Kubovej formuly, t.j. formalizmu

v ramci ktorého mozeme ratat funkcie odozvy v pritomnosti spominanej poruchy.

Opornym bodom pre odvodenie Kubovej formuly je matica hustoty, v ramci ktorej

opisujeme stav systému pomocou operatora p = > pmn|m)(n|, spliujicu podmienky:
Trp=1, Prn > 0. (44)

Stredni hodnotu operatora A priradeného fyzikalnej velicine A potom dostaneme

prostrednictvom:

(A) = Tr {pA}. (45)

Casovy vyvoj matice hustoty sa da najst vyuzitim casovej Schrédingerovej rovnice:

Zp = menl |m TL|)
_ Z P (H|m) (n| — [m) (n|H)

= [H, p]. (46)

Po kratkom vSeobecnom tivode prejdime teraz priamo k studiu zmeny strednej hodnoty
IM (t) fyzikalnej veli¢iny M (t) v systéme s hamiltonidnom H, pod vplyvom slabej
poruchy'® v hamiltonidne H'(t). Za tymto tcelom sa ukazuje byt vyhodné prejst k

operatorom ktorych casovy vyvoj je definovany v interakénom obraze:
A(t) = ot A(t)e ot (47)

kde Hy oznacuje ¢asovo nezavisly hamiltonidn neporuseného systému. Porovnanim p(t)
a p(t) sa d& nahliadnuf:

i(t) = |H'(). (1)), (48)
¢o znamend, ze v interakénom obraze je ¢asovy vyvoj matice hustoty diktovany poru-

chovou ¢astou hamiltonianu v interakénom obraze H'(t). UvaZujme teraz rovnicu (48)

15Co znamena, 7e sa v rdmci poruchového rozvoja staci obmedzit na linedrny ¢len v H'(t).
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v integralnom jazyku:

0 =t i [ [0 (49)

to

Ak sa dalej obmedzime na prvy rad poruchovej teérie matice hustoty vyjadrenej spat v

Schrodingerovom obraze a zaroven si uvedomime, ze p(ty) = po = %B*HO/ T je matica
hustoty kanonického suboru, dostavame:
t . ~ .
p(t) = po — z/ dt' e~ ot [H’(t'),po} ettt (50)
to

Nakoniec ndm uz ni¢ nebrani vo vyjadreni odchylky (§M(t)):

(M (t)) = Tr {Mp(t)} — Tr{Mpo}

= Mg —i T { et [ (1), po e} — 1My
t,

0

= /t dt' Tr {M(t) [fl’(t’), po] }

to

t

. / ar{ [31(0). (1)) ) (51)
to 0

Pripomenme, ze v tretom riadku odvodenia (51) pre Kubovu formulu sme vyuzili

invariantnost stopy voci cyklickej zamene a zaroven sme zaviedli oznacenie pre stopu

vzhladom na rovnovaznu maticu hustoty (A)g = Tr{poA}.

Sustredme sa teraz na pripady, kedy nas nezaujimaju prechodové javy pri zapinani
poruchy a uvazujme preto to — —oo. Navyse, obvykla struktiira poruchy spociva v
suc¢ine H'(t) = a(t)B, kde a(t) je casovo zavislé klasické pole, zatialco B je ¢asovo
nezavisly operator, charakterizujici interakciu medzi klasickym polom a studovanym

systémom. V takomto pripade mozeme pre (51) uvazovat:

(OM (1)) = / " Gun(t — )alt), (52)

o0

kde sme zaviedli Greenovu funkciu Gy/5(t) pomocou:

Gus(t) = —i( [ M (1), B]) 0(¢), (53)

kde 6(t) oznacuje Heavisidovu funkciu. Zdoraznime, ze Gyrp(t) vyjadruje funkciu odozvy

veli¢iny popisanej operatorom M na veli¢inu, ktorej je priradeny operator B.
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Dodatok C: Sumacné pravidla

Motivovani Greenovou funkciou, definovanou v predchadzajicom dodatku prostred-

nictvom vztahu (53), definujme teraz tzv. retardovanid Greenovu funkciu:

Grlt.t) = —i< [A(t), B(t’)L>9(t — ), (54)

kde [X,Y] = XY +€eYX. Ak X a Y st neparnymi mocninami fermiénovych krea¢nych
a anihila¢énych operatorov!®, tak berieme e = +1. Ak st naopak operatory X, a YV
vyjadrené prostrednictvom péarnych mocnin kreaénych a anihila¢nych operatorov'’,
potom berieme € = —1. Taktiez, narozdiel od predchadzajicej kapitoly pracujeme s

operatormi A(t) a B(t) v Heisenbergovom obraze:
A(t) = et Ae™HE (55)
kde H oznacuje kompletny hamiltonidan. Posledny rozdiel tkvie v stredovani:

(X)=Tr{pX}, (56)

kde p = Le /T zodpovedd matici hustoty rovnovézneho kanonického stiboru. Podobne
ako v predchadzajicom dodatku mozeme aj teraz vdaka cyklickej zamene operatorov
pod stopou nahliadnut Gg(t,t') = Ggr(t —t').

Nés bude v tejto ¢asti zaujimat Fourierov obraz Gg(t — t'). Za tymto ic¢elom sa ukéze

vyhodné definovat:

G(z) = / e GR(t) = —i /O h dtem< [A(t), B(t’)L>. (57)

—00

Fourierovu transforméciu G'g(w) budeme definovat ako Gr(w) = G(w + i0), kde in-
finitezimalna imaginarna ast zabezpedi konvergenciu integralu v (57) a G(z) tak bude

analytickd v hornej polrovine komplexného priestoru.

Pre nase tucely sa ukaze byt vyhodné napisat Fourierov obraz retardovanej Greenovej

funkcie cez tzv. spektralnu reprezentédciu, pomocou spektralnej funkcie A(z), ako:

—Ep/T

Gr(w) = /OO —dxA(:U) Alz) = (1 + ee_iv/T) Z ¢ -

o w+i0 — 2’

A Bam0(x — Eq + En,).

m,n

(58)

6Hovorime, ze X a Y st fermiénové.
THovorime, 7e X a Y st bozénové.
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Poznamenajme, ze v (58) sme vyuzili vlastné stavy |n) hamiltonidnu H s vlastnymi
energiami F,, pri zapise maticovych elementov A,,, = (m|A|n). Upozornime na redl-
nost spektralnej funkcie v pripadoch kedy B = AT, nakolko tito vlastnost implicitne

vyuzivame v ¢lanku'® [H2].

Nuz a teraz nam uz nic¢ nebrani pomocou integrovania formuly pre spektralnu funkciu

zavedenu v (58) nahliadnut sumacné pravidla:

/ T dedle) gy, / " deA(@) = ([A, B]). (50)

o 1+ eer/T o

18K de pracujeme s kreaénymi a anihilaénymi elektrénovymi operatormi.
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Dodatok D: Pripady inych ako lorentzovskych

rozdeleni

V ramci tohto dodatku sa vratime k rieseniu rovnic (6) pre A(w) a Z(w) sformulovanych v
ramci priblizenia CPA. V hlavnom texte préce sme sa zaoberali ich analytickym rieSenim
v pripade, ak rozdelenie pravdepodobnosti P, (V'), zodpovedajice NP rozptylom ma

formu lorentzovského rozdelenia, pri¢om rozdelenie Ps(U) moze byt Iubovolné.

Ukazuje sa ze v pripade ked uvazime iné rozdelenie pre P,,(V') mdzeme rieSenie problému
definovaného prostrednictvom rovnice (6) skimat numericky, nakolko sa jednd o velmi

dobre sformulovany selfkonzistentny problém.

Oblast numerického riesenia CPA rovnic v supravodivom stave pre rozne formy pravde-
podobnostného rozdelenia pre NP a ZP rozptyly, pripadne spojitého rozdelenia pre
A, pontika pomerne §iroky priestor na realizdciu. My upriamime pozornost "len" na
porovnanie efektu (troch) réznych rozdeleni na hustotu tunelovych stavov v pripade,

ked nie st pritomné ZP rozptylové procesy.

Dynesovu formulu pre tunelovi hustotu stavov budeme porovnavat s hustotami stavov,
ktoré vyjdu ako vysledok numerického rieSenia CPA rovnic v pripadoch, ked B, (V)

bude zodpovedat gaussovskému resp. rovnomernému rozdeleniu:

2
1 T e 3 (%) pre V| < L: 1/(2L),
PLor.(V) = T I/9 19 PGaus.<V) = T = Pbox(v) = B
TV T? ov2m pre |[V|>L: 0.
(60)

Sirky rozdeleni pritom budeme fixovat takym spésobom, aby rozptylova konstanta v
normalnom stave I',, bola rovnaka pre vsetky uvazované rozdelenia. Podmienku pre

hodnotu I',, sme formulovali prostrednictvom riesenia CPA rovnic v normalnom stave v

[H1]:

F, 1-F,
5 =1 kde: T, = .
Fn + (7TN0W)2 w 7TNQ

KedZe riesenie ziskame pomocou standardnych numerickych metod, prejdime priamo
k vysledkom. Na obr. (24) prezentujeme ako samotné rozdelenia (vlavo), tak aj

porovnavané hustoty stavov ziskané z numerického vypoctu (vpravo).
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12 T T T T T T T T
— Lor., [/A=0.3 1.4¢ 1
1.0 Gaus,, 0/A=1.02 ] 1.2t /\
— e
0.8l — box L/A=1.68 ; 1.0f ]
< z
[y ~ 0.8_
Z 0.6}
04 ] 0.4l — Lor, F/Ef0.3 ]
0l ﬂ k _ ool ~ Gaus, 0/A=102 |
: box, L/A=1.68
0.0 J‘ L '¥ 0.0 L 1 1
-4 -2 0 2 4 0.0 0.5 1.0 1.5 2.0
v/h W/A

Obr. 24: Rozdelenia (vlavo) a hustoty tunelovych stavov (vpravo) vchadzajice do, resp.
ziskané z numerického riesenia CPA rovnic. Poznamenajme, Ze vo vSetkych pripadoch

uvazujeme NoA = 0.1.

Pri podrobnejSom skiimani obr. (24) mézeme badat vyrazny rozdiel medzi Dynesovou
hustotou tunelovych stavov a hustotami stavov zodpovedajicim gaussovsky, alebo
rovnomerne rozdelenym NP necistotam napriek tomu, ze hodnota rozptylovej konstanty

je pre vietky rozdelenia fixovand na rovnakej hodnote!® I',, = 0.03N;.

Tento efekt je vSak prirodzeny, ak si uvedomime rozdielny tvar jednotlivych rozdeleni.
Zaujimavé je tiez pozerat hodnotu tunelovej hustoty stavov priamo na Fermiho energii.
Ako vidime, najvicsiu hodnotu dosahuje lorentzovské rozdelenie vediice k Dynesovej
formule, potom je to Gaussovo rozdelenie a nakoniec rovnomerné rozdelenie (ktoré ma
dokonca stale kone¢ni energeticki medzeru). To zrejme suvisi s faktom, Ze lorentzovské
rozdelenie je velmi pomaly klesajice (strednd kvadratickd odchylka dokonca diverguje),
zatial ¢o "chvosty" na vysokych energiach si pre Gaussovo rozdelenie exponencialne

potlacené a pre rovnomerné rozdelenie su nulové z definicie.

9Poznamenajme, e je jednoduché nahliadnut, ze I',, = T.
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Dodatok E: Riesenie CPA rovnic pre fluktuujiacu

energeticki medzeru

Ako sme uviedli uz v ivode prace, v tomto dodatku dame priestor NP procesom, zachova-
vajucim symetriu inverzie ¢asu. Prikladom takéhoto pripadu je uvazenie fluktuujtce;j

energetickej medzery.

Predtym, ako prejdeme k rieseniu CPA rovnic v kratkosti nahliadneme rozdiel medzi ZP
a NP procesmi v ramci Bornovho pribliZenia (interakcia v najnizsom rade interakénej
energie). Sustredime sa pritom len na podstatu veci, pricom na technické detaily sa

odvoldme na [11].

+

Obr. 25: Prispevok do self-energie od elektrén-fonénovej interakcie. Podstatna cast
(elektrénovi Greenova funkcia spolo¢ne s elektrén-fonénovymi vertexmi) je podfarbena
c¢ervenou farbou. Tri bodky predstavuja v pripade Bornovej aproximaéacie len jeden dalsi
diagram (v pripade T-matice by ich bolo viac). Dolezité vsak je, Ze aj tieto dalSie
prispevky obsahuji spominani Struktiru, avsak s vertexami reprezentujicimi int ako
elektrén-fonénovi interakciu.

Objektom nasho zdujmu pritom bude struktira self-energie 3 (k,w,) podfarbend na

obr. (25) cervenou farbou, ktord zavisi od maticovej struktiury lokélnej elektrénove;j

Greenovej funkcie zndzornenej dvojitou ciarou®’:

, (61)

a taktiez od maticovej Struktiry vertexov. T4 sa totiz liSi (pozri (5)) v pripade
magnetickych primesii s vertexom ~ 7y, BCS parovania s vertexom ~ 7 a skaldrnych

primesii s vertexom ~ 73.

Nahliadnime teraz v ramci nasho kvalitativneho argumentu struktiru vysledku lokalne;

Greenovej funkcie obalenej roznymi druhmi vertexov:

magnetické : 7 (ATO + BTl)TO = A1y + Bmy,
BCS parovanie : 7 (ATO + Bﬁ)ﬁ = A7y + By,

skaldrne, el-fonén interakcia : 73 (ATO + BTl)Tg = Aty — B1y. (62)

V (62) si mdézeme vsimnut dve veci. Prva je, ze vertex zodpovedajici interakeii so

20Podotknime, 7e s touto funkciou sme sa uz stretli prostrednictvom [H1]-(B2).
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skalarnou necistotou ma rovnakd maticovi struktiru ako vertex pre plnu elektron-
fonénovu interakciu, takze takto obalené lokalne Greenové funkcie maji rovnaku
(znamienkovii) Struktiru pre koeficienty A a B. Druha vec je, ze v pripade pre BCS
parovanie, alebo pre magnetické rozptyly sa pri obalovani vertexmi otoc¢i znamienko pri
koeficiente B a znamienkova struktura je teda odlisna od pripadu elektron-fonénovej
interakcie. Tento rozdiel napokon sposobi, ze do rovnice pre A, pochadzajicej z
porovnania self-energii vstupia aj magnetické necistoty, pripadne fluktuacie parametra

usporiadania.

V tomto dodatku sme sa prave na vplyv fluktujiceho parametra usporiadania A pozreli
optikou priblizenia CPA. V prvom kole sa ststredime na pripad, kedy mame pritomné
len fluktudcie A, bez akychkolvek neéistot. Ukéze sa, ze vyslednd CPA rovnica sa dé
ziskat z rovnice (6) vypnutim magnetickych a skaldrnych necistot a zapnutim rozdelenia
pre fluktuujicu energetickd medzeru A, ktoré uvazujeme v tvare lorentzianu:

1 I's

1 _
<m>A = zp, kde: PK(A) - (Z _Zo)z N F%» (63)

s pomocnymi premennymi uvedenymi?! v (7). UkaZe sa, Ze tento problém sa da
(v podstate rovnakou metédou ako v pripade magnetickych neéistot v [H1]) riesit

analyticky?? s vysledkom:

Aw) = ZO/ (1 + Z%) : Z(w) = (1 + Z%) : (64)

Vysledok (64) pre A(w) aj v tomto pripade povedie na hustotu tunelovych stavov v

tvare Dynesovej formuly.

Samozrejme, tento vysledok je zaujimavé skiimat v kombinacii so zapnutymi necistotami.
Zacneme zapnutim magnetickych necistot s lorentzovskym rozdelenim. V takom pripade
rieSime:
1 — 1 I'x 1 T
_ =z, kde: Px(A) = — A , P(V)=——F——=.
<z;+5n—|—An>v,A A( ) W(Z_ZO)2+F2Z ( ) T V24172
(65)

Riesenie tohto problému sa d4?® opét nahliadnut vyuZitim Cauchyho vety a vedie na:

A(w):ZO/ <1+¢P+FA), Z(w) = (1+iF+FA). (66)

w w

Vysledok (66) je zaujimavy nie len tym, Ze opaf raz vedie na Dynesovu formulu pre

21Samozrejme uvazujic U =V =0

22Pri¢om si treba dat pozor na podmienku (taktieZ analogicky s [H1]) pre polohu jedného z pdlov
nad redlnou osou, ktord sa vSak ukaze byt pre rozumné hodnoty Ag a 'z splnena.

230pit, za predpokladu splnenia podmienok pre polohu pélov.
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hustotu stavov, ale aj tym, ze ukazuje ako sa dva rozne NP procesy (rozptyly na magnet-
ickych necistotach a fluktudcie energetickej medzery A) kombinujii najprirodzenejsim

moznym sposobom.

V tomto kontexte je taktiez zaujimava otédzka, o sa stane ak zapneme nie magnetické,
ale ZP necistoty. Tato otazka je prirodzend, lebo skalarne primesi budu v realistickych
experimentoch pritomné vzdy a je dobré s ich vplyvom pocitat. Skiimany problém sa
da vyjadrit CPA rovnicou v tvare:

< Zn + 0 — Ay > . (67)
(20 + 00 = An) (25 + 0 4+ M) + (TNU)? / yx

Ako vidime, CPA rovnica je tentokrat naroc¢nejsia ako v predoslych pripadoch a doposial
sa nam ju nepodarilo uspokojivo riesit analyticky. Ako sme vSak videli v predchédzaju-
com dodatku, CPA rovnicu je mozné riesit numericky ako selfkonzistentny problém. V

nasom pripade pri numerickom rieseni uvazujeme rozdelenia:

,;(L)Q B
e 2\Tu 1 r
Py(U) = ——— P(A) == = 68
=g, st Emere @

Vysledky numerického riesenia CPA rovnic st zobrazené na obr. (26).

1N, Ay=0.01, Ta/A,=0.5

1.2} ]
1.0} ]
0.8} \ ]
z I
=S 06} ]
3 7O A=
S | - Tube=1 :
0.4} . Iy/Ay=20 °2 ]
I — 0.18 ]
02f *U/Bo=50 016
« Ty/By=100 0.14]
F -01-005 0 0.05 01
OO 1 1 1
-2 -1 0 1 2

w/h,

Obr. 26: Numerické riesenie CPA rovnic v pripade gaussovského rozdelenia ZP
rozptylovych necistot a lorenzovského rozdelenia pre A.

V&imnime si dve zaujimavé veci. Prvou je fakt, Ze v pripade nizkej hodnoty I'y/Ag
sa da vysledok numerického riesena popisat Dynesovou formulou uvazujuc I' = I'g, .
Druhou je pozorovanie Ze zvySovanie podielu I'yy /Ay pri fixovanej hodnote I'z, /A vedie

k otvaraniu energetickej medzery.

68



Na zaver dodajme, Ze doposial sme nestudovali najkomplexnejsi pripad so zapnutymi
oboma typmi necistot spolocne s fluktuaciami energetickej medzery. Tato oblast studia

tak ostava ako namet na pracu v budtcnosti.
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Dodatok F: Vypocet optickej funkcie odozvy

V tomto dodatku sa vratime k odvodeniu vztahu pre korela¢ni funkciu K (w), pred-

stavent vo vztahu (H3-6 a 7):

2,2
e“vp

/ (;ljrl;gTZTr Glew +w)Glew)] . (69

Zatial ¢o prvy ¢len Dy zodpoveda konstantnému diamagnetickému prispevku, druhy
popisuje paramagneticku cast fukcie odozvy, citlivii na supravodivy stav a na vplyv
necistot. Tento prispevok sa da taktiez popisat bublinovym diagramom, zobrazenym

na obr. 27.
k, w

Obr. 27: Diagram zodpovedajici paramagnetickej casti funkcie odozvy.

Kedze studujeme materialy s gulatymi Fermiho plochami, kde zanedbavame uhlova
zéavislost k, mozeme (69) zapisat v tvare:

o0

dsTZTr{G(k,wl +wm)G(k,wl)}]. (70)

K (wn) = Dy [1+%/

Predtym, ako sa sustredime na vypocet spominaného diagramu, spomenme si na
spektralnu reprezentaciu Greenovej funkcie, spolo¢ne s uzito¢nou identitou pre sumu

cez fermionové frekvencie:

oo MW= Witwe) —y) Tyt i,

Pripomenme, ze f(x) oznacuje Fermi-Diracovo rozdelenie. Pouzitim (71) mo6zeme

bublinovy diagram v (70) formulovat priamo na redlnej osi v tvare:

QW'";*“’“O%/dg/dxf(a:)Tr{A(k,a:)(GR(/f,$+w+i0)+GR(kvx_w_i0))}

- D / ;7 / e f ()T { (Gr(k, 2) ~ Ga(h, 2)) (Grlk, 7 +w) + Gk, 2 ) 1.

—00 —0o0

(72)
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pricom sme v druhom riadku vyuzili fakt, ze spektralna funkcia sivisi s imagindrnou

castou Greenovej funkcie sposobom A(k, z) = —Im {Gg(k, z)} /7.

Vzhladom na dalSie poc¢ty sa ukazuje vyhodné zaviest pomocné premenné a pozorovat

ich symetrie:

Tr{ Gk, x)Grlk, y)}

Fl(kaxvy)z 2 ) F1<k7yax):Fl<k7xay)7
Tri{GhL(k, )Gy (k,y) .

Fy(k,z,y) = { R i i }, Fy(k,y,x) = Fa(k,x,y) = —F](k,x,y),
TriGr(k,z)G5H(k,y .

R ay) = TAGTEDGED] o) — By hp.0) (73

Vyuzitim (73) a sticasnym posunutim integrac¢nej premennej r — x + w v ¢lenoch s

r — w vieme bublinovy diagram vyjadrif v tvare:

Qz—%[/dg/dm<f(x+w)+f(m)) Re {Fi(k,z,z +w)}

—00
(.

~
clen A

_i/de/dx<f(x+w)—f(x)> Im {Fy(k,z,z +w)}

J/

~
¢len B

+Z deZ dx(f(x +w) — f(x)) F3(k, v+ w, z) ] . (74)

J/

élenC

Teraz sa sustredime na vypocet clenu C zo (74). Ako sa ukazuje, vdaka rozdielu
Fermi-Diracovych rozdeleni, nenardzeme v tomto ¢lene na problém s rovnomernou kon-
vergenciou a mozeme tak uvazovat zdmenu poradia integralov [ de [dz... — [dx [ de....
Vniitornd integracia cez premenni € sa s vyuzitim (73) a (H3-8) da urobit analyticky a

vedie k vysledku:

/dng(k,x—l—w,m) _ Lltnl tgi(i))*_*z%j“)p(x)* = 9H\(z+w,). (75)

Analogickym postupom sa vieme dopracovat aj k vysledku pre integral cez € v ¢lene B:

i o [L= @G+ w) = p@pe )|
ldelm{ﬂ(l{,x,x—l—w)}—l S =2H; (z, 2 + w)
(76)
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Vylucovacou metdodou sme sa dostali az k najproblematickejsiemu clenu A. Kvoli suctu
Fermi-Diracovych rozdeleni nardzame na problém s rovnomernou konvergenciou pri
spominanej zamene integralov. Spominany stcet totiz dovoli prezit aj nenulovym
prispevkom pre x — —oo. RieSenie tohto problému spociva v od¢itani a pricitani inte-
gralov cez funkciu Fi(k,z,y) v normalnom stave (I'y = I'y +I'). Od¢itanie normalneho
prispevku v ¢lene A zabezpedi slusné spravanie podintegralnej funkcie pre x — —oo,

umozni ndm tak zamenit poradie integralov a integraciu cez € dokoncit analyticky:

/ de Re [Fl(k, r,x+w)— Fin(k,x,x + w)} ~ Re 1- n(x)zgi?)-l-—i_we)(;f(j))?(x + w)

= 2Hy (v, x + w). (77)

Nakoniec vypoctu sa podme pozriet na clen A vyjadreny v norméalnom stave, ktory

nam zostal ako pozostatok z predchadzajicej (rekonvergencnej) procediry:

/da/dx (z+w)+ f(z)) Re{FAnkz,0+w)} =

—00

_ 7 e 7 dxf(m)Re{QLmTr [GRN(""”’:)(GR’N(’”‘”)*GR’N“””““»]} B

(o.¢] o

— /de/dwf(f)(P(x—e)—l—P(x—l—s)), kde: P(u):l

1
I )
P o)
(78)
V poslednom riadku (78) sa ukazuje vyhodné rozdelit problém prostrednictvom identity
f(x) = folz) + 0f(x), kde §f(x) popisuje odchylku Fermi-Diracovho rozdelenia pri

konec¢nej teplote od pripadu nulovej teploty, popisanej standardnou schodovou funkciou
fo(z). Pre (78) tak ziskavame:

o] oo

/ de / dz(fo(z) + 6f(2))(P(x — ) + P(z +¢)) =

/ds/odx Pz —¢ +P(x+s))+/ds/dwéf(x)(P(w—€)+P(m+€))=

-

0

17 -
= de [arctan(ij?f) - arctan(ngw>] =2. (79)

J/

Upozornime, ze v druhom ¢élene v druhom riadku sme opét vyuzili fakt, ze spravanie
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df(z) v limite |z| — oo nds opraviiuje zamenit poradie integralov a vykonat integraciu

cez premennu € v komplexnej rovine pomocou reziduovej vety.

Vsimnime si, ze vysledok (79) zodpovedajici prispevku z preintegrovaného pricitaného
¢lenu (vyjadreného v normalnom stave) sa v (69) (po uvazeni (74)) akurat vyrusi s

konstantnym diamagnetickym prispevkom.

Ak spojime doterajsie tivahy, dostaneme vyjadrenie pre funkciu odozvy v norméalnom

stave v tvare:

K(w) = —Dy / de[(f(2) + f(a + @) By, + )

— (flz+w) = f(2)) (Hi(z + w, ) —l—z’Hé’(x,x—l—w))] (80)

I ked je forma (80) uz hotovd na numerické integrovanie, ukazuje sa byt vyhodné vyuzit
zdedené symetrie pomocnych funkcii Hy(z,y) a Ha(x,y) zo vztahov zavedenych v (73).
Najskor vyuzijeme symetriu H(z,y) = —H; (y, ) a taktiez pricitame a od¢itame clen
2 da(f(z4w) — f(z))Hy(x,z +w), ¢o nds vedie k vyjadreniu funkcie odozvy v tvare:

K(w) =—Dy / dx[Qf(x)Hé(:vw%—w)
T (flo+w) = f(2) (H; (@2 +w) + Hy (2,2 +w)) |
=D, / da:[—Qf(x)Hé(x,x%—w) + (flz+w) — f(x))H(x—i—w,a:)]. (81)

—00

V druhom riadku sme vyuzili symetriu Hs(z,y) = Hs(y, z) v prvom ¢lene a druhy ¢len
sme upravili najskor prostrednictvom substiticie © — —x — w a nasledne vyuzitim
symetrie H*(—z, —y) = —H(z,y), kde H(x,y) = Hi(z,y) + Ha(x,y).

Pri konecnej trpezlivosti sa pomocou podobného narabania so spominanymi symetriami

dé dospiet k vyslednému vztahu pre vodivost (H3-6) vo vyslednej forme (H3-9,10,11).
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